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Abstract. We consider divergence form elliptic operators of tlie form L = - div A{x)V, 
defined in R"^' = [{x, t) e V X R|, « > 2, where the L°° coefficient matrix A is (n + 
1) X (n + 1), uniformly elliptic, complex and /-independent. We show that for such op- 
erators, boundedness and invertibility of the corresponding layer potential operators on 
L^(R") = L^(c?R"^'), is stable under complex, L" perturbations of the coefficient matrix. 
Using a variant of the Tb Theorem, we also prove that the layer potentials are bounded and 
invertible on L^(R") whenever A(x) is real and symmetric (and thus, by our stability result, 
also when A is complex, ||A - A"!!™ is small enough and A" is real, symmetric, L°° and 
elliptic). In particular, we establish solvability of the Dirichlet and Neumann (and Regular- 
ity) problems, with (resp. Lj ) data, for small complex perturbations of a real symmetric 
matrix. Previously, solvability results for complex (or even real but non-symmetric) 
coefficients were known to hold only for perturbations of constant matrices (and then only 
for the Dirichlet problem), or in the special case that the coefficients Ay„+i = = A„+ij, 
1 < j <n, which corresponds to the Kato square root problem. 
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1 . Introduction, statement of results, history 

In this paper, we consider the solyability of boundary yalue problems for divergence 
form complex coefficient equations Lu = 0, where 
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is defined in R"^' - {(x, t) e R" xR), n > 2 (we use the notational convention that jc„+i - t), 
and where A = A(ji:) is an (n + 1 ) x (n + 1 ) matrix of complex- valued U° coefficients, defined 
on R" (i.e., independent of the t variable) and satisfying the uniform ellipticity condition 

«+i 

(1.1) A\^\^ < %e (A(x)^, = %ej] A,/x)^/,-, ||A||i»(R,.) < A, 



for some /I > 0, A < oo, and for all ^ € 



X € R". The divergence form equation is 



interpreted in the weak sense, i.e., we say that Lm = in a domain Q if m 6 (D.) and 

AVm ■ W = 



I' 



for all complex valued 'P e C"(Q). 

The boundary value problems that we consider are classical. To state them, we first 
recall the definitions of the non-tangential maximal operators Nt,Nf Given xo e R", 
define the cone y(xo) = {(x, t) e Rl^^ : \xq - x\ < t}. Then for U defined in 

( 

NM(xq)= sup \U(x,t)\, NMixQ)= sup f r , My, s)\^dyds 

(V)ey(xo) (x.OerC-fo) [J -'|j!.5|-'<J}'2 

Here, and in the sequel, the symbol j- denotes the mean value, i.e., f^f= I^T' J^/- We 
use the notation u — > f n.t. to mean that for a.e. x e R", lim(y,()^(x,o) u{y, t) - fix), where 
the limit runs over (y, f) e jix). 

We shall consider the Dirichlet proble 



(D2) 

the Neumann problenfl 



Lm = in Rf = {(x, t) e R" x (0, oo)) 
Um,^() m(-, = / in L^(R") and n.t. 
sup,>oI|m(-,0IIl2(r«) < 



(N2) 



Lu -Q in . 

|(x,0) = - 2';;; A„+,,/x)||(x,0) = gix) e lHW) 



and the Regularity problem 



(R2) 



Lm = in Rf 

u(;t) f e L\{W)n.t. 

N,{yu) e l2(R"). 



Our solutions will be unique among the class of solutions satisfying the stated I? bounds 
(in the case of (N2) and (R2), this uniqueness will hold modulo constants). The homo- 
geneous Sobolev space Lj is defined as the completion of with respect to the semi- 
norm IIVFII2. For n > 3 this space can be identified (modulo constants) with the space 
/i(L2) = ^-^l^{L^) c L^*, where 2* = 2n/(n -2); forn = 2, the identification with /^L^) is 



^Our uniform estimate for solutions of (D2) can be improved to an Lr bound for N,u, given certain 
V estimates for the layer potentials. The fourth named author and M. Mitrea will present the L'' theory in a 
forthcoming publication. In the present paper, we shall be content with a weak-L^ bound for N,u. 

^We shall elaborate in section |4]the precise nature by which the co-normal derivative assumes the prescribed 
data. 
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Still valid, but in that case the fractional integral I\f must itself be defined modulo constants 
for / e L?, and the space embeds in BMO. 

We remark that for the class of operators that we consider, solvability of these boundary 
value problems in the half-space may readily be generalized to the case of domains given by 
the region above a Lipschitz graph, and even to the case of star-like Lipschitz domains. We 
shall return to this point later We shall also discuss later the significance of our assumption 
that the coefficients are f-independent. 

In order to state our main results, we shall need to recall a few definitions and facts. 
We say that u is locally Holder continuous in a domain Q if there is a constant C and an 
exponent a > such that for any ball B - B(X, R), of radius R, whose concentric double 
2B = B(X, 2R) is contained in O, we have that 

(1.2) |„(y)_„(z)|<c(^^j 

whenever Y,Z e B. Observe that any u satisfying ( 11.2b also satisfies Moser's "local bound- 
edness" estimate flMj 



(1.3) sup|M(y)|<C 



YeB 



Jib 



By the classical De Giorgi-Nash Theorem fDeG, N|, ( 11.2b and hence also (11.31 ) hold, with C 
and a depending only on dimension and the ellipticity parameters, whenever m is a solution 
of Lm = in O c R"+', if in addition the coefficient matrix A is real (for this result, it need 
not be f-independent). Moreover, it is shown in ||AJ (see also HATIIHKII '). that property ( 11.2b 
is stable under complex, L°° perturbations. 

We now recall the method of layer potentials. For L as above, let F, F* denote the 
fundamental solution^ for L and L* respectively, in R"^', so that 



L-,jr(x,t,y,s) = L*^r''(y,s,x,t) = L*^^T(x,t,y, s) = S(jc,t), 

where 6x denotes the Dirac mass at the point X, and L* is the hermitian adjoint of L. By 
the f-independence of our coefficients, we have that 

(1.4) r(x,t,y,s) ^rix,t- s,y,Q). 

We define the single and double layer potential operators, by 

SJ(x)= [ r(x,t,y,0)f(y)dy, feR 

(1.5) 



D,fix)= d,.r*{y,Q,x,t)f{y)dy, f ^ 0, 



where dy. is the adjoint exterior conormal derivative; i.e., if A* denotes the hermitian ad- 
joint of A, then 

dy.r(y, 0, x,t)^- y A;^! /3')^(3', 0, X, t) = -e„^i ■ A*(y)V,,,r(y, s, x, t) |,=o 



■'See IHK2I for a construction of the fundamental solution. 



4 



M. ALFONSECA, P. AUSCHER, A. AXELSSON, S. HOFMANN, AND S. KIM 



(recall that y„+i = s). We define (looseljQ, for the moment) boundary singular integrals 



Kf{x) = "p.vr d,.Y*(y, 0, X, 0)/(y) dy 

Kfix) = "P-v." —(x,0,y,0)fiy)dy 

where ^ denotes the exterior conormal derivative in the {x, t) variables. Classically, K 
is often denoted K*, but we avoid this notation here as K need not be the adjoint of K 
unless L is self-adjoint. Rather, for us, K*,S* and D* will denote the analogues of K,S 
and D corresponding to L* (although sometimes we shall write K^' , etc., when we wish 
to emphasize the dependence on a particular operator), and we use the notation adj (T) to 
denote the Hermitian adjoint of an operator T acting in R". With these conventions, we 
have that K = adj (K*), as the reader may verify. We apologize for this departure from 
tradition, but the context of complex coefficients seems to require it. 

For sufficiently smooth coefficients, the following "jump relation" formulae have been 
established in IIMMTi . We defer to Section|4]our discussion of the jump formulae, and the 
nature of their "non-tangential" realization, in the non-smooth case. We have 

(1.7) Da (+\i+Ky 

(1.8) (V5,)U,/ +L^^^e„^^+Tf, 

(these convergence statements must be interpreted properly - see Section|4]i where 

(1.9) Tf(x) = -p.v:' f W(x,0,y,0)f(y)dy. 

Jr" 

Then, as usuajj one obtains solvability of (ID2I) in the upper (resp. lower) half space 
by establishing boundedness on L^(W) of / — > D±,f, uniformly in f, and invertibility of 
— jI+K (resp. ^I+K). Similarly, solvability of ( IN2b and ( IR2b follows from boundedness 
of / ^ A^H.(V5±,/), and (for ( lN2l i) invertibility on L- of + \l+K, and (for ^) invertibility 
of the mapping S'o = 5, |,=o : L^(R") — > Lj(R"). We now set some convenient terminology: 
we shall say that an operator L for which all of the above hold has "Bounded and Invertible 
Layer Potentials". If in addition we have the square function estimate 

(1.10) r r \td^srf(x)f^<c\\f\\i 

J-oo Jr" I'I 

then we shall say that L has "Good Layer Potentials". Finally, we shall refer to the constant 
in dl.lOt , together with all of the constants arising in the estimates for the boundedness and 
invertibility of the layer potentials, collectively as the "Layer Potentials Constants" for L. 

In this paper, we prove the following theorems. In the sequel we assume always that our 
(n-i-l)x(«-Hl) coefficient matrices are f-independent, complex, and satisfy the ellipticity 
condition il.li and the De Giorgi-Nash-Moser estimates (11.2b and (11.31 ). 



For non-smooth coefficients, some care should be taken to define the "principal value" operators on the 
boundary - see Section|4] 

^In the setting of non-smooth coefficients, some rather extensive prehminaries are required in order to apply 
the layer potential method to obtain solvability; see Section|4] 
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Theorem 1.11. Suppose that Lq = - div A°V and L\ - - div A' V are operators of the type 
described above, and that solutions uq, wo of Lquq — 0, LqWq — satisfy the De Giorgi- 
Nash-Moser estimates ( ll.2l l and ( II. 31 ). Suppose also that Lq and Lq have "Good Layer 
Potentials ". Then Li and L* have Good Layer Potentials, provided that 

l|A°-Ai||i»(R»)<eo, 

where eo is sufficiently small depending only on dimension and on the various constants 
associated to Lq and L*y specifically: the ellipticity parameters, the De Giorgi-Nash-Moser 
constants (11.2b and ( 11.3b , and the Layer Potential Constants. 

We observe that it is not clear whether the property that L has "Good Layer Potentials" 
is preserved under regularization of the coefficients. For this reason, we shall be forced to 
prove Theorem I 1.11 1 without recourse to the usual device of making an a priori assumption 
of smooth coefficients. We also note that we shall use the invertibility of the layer potentials 
associated to Lq and even to estabhsh the boundedness of the layer potentials associated 
to Li (see Section|2]below). 

Theorem 1.12. Suppose that L — — div AV is an operator of the type defined above, and 
in addition, suppose that A is real and symmetric. Then L has Good Layer Potentials, and 
its Layer Potential Constants depend only on dimension and on the ellipticity parameters 
in dl.ll) . 

We remark that while Theorem 11.121 vields in particular the solvability of (D2), (N2) 
and (R2) in the case that A is real and symmetric, it is only the fact that this solvability 
is obtainable via layer potentials that is new here, the solvability of (ID2b having been 
previously obtained by Jerison and Kenig IJKIL and that of ( IN2b and ( IR2I ) by Kenig and 
Pipher fKP|, without the use of layer potentials. The essential missing ingredient had been 
the boundedness of the layer potentials. 

The previous two theorems are our main results. As corollaries, we obtain 

Theorem 1.13. Suppose that L\ — — divA'V is an operator of the type defined above, 
and that \\A^ - A"||£~(i{n) < eQ, for some real, symmetric, t-independent uniformly elliptic 
matrix A" e L°°(R"). Then (ID2b . ( IN2b and (IR2b are all solvable for L\, provided that eo is 
sufficiently small, depending only on dimension and the ellipticity parameters for . The 
solution of (ID2I) is unique among the class of solutions u for which sup,^Q \\u{-, f)llL-(R'') < 
oo, and the solutions of (IN2b and (IR2b are unique modulo constants among the class of 
solutions for which A^*(Vm) e L^. 

Theorem 1.14. The conclusion ofTheorem \L13\ holds also in the case that ||A' — A^Hco is 
sufficiently small, where A^ is now a constant, elliptic complex matrix. 

The last theorem follows from Theorem 11.1 II and the fact that constant coefficient op- 
erators have Good Layer Potentials (see the appendix, SectionfTOb. 

We note that by a standard device. Theorems 11.111 [17121 and [TTTjl all extend readily to 
the case where Q - {ix, t) : t > F{x)}, with F Lipschitz. Indeed, by "pulling back" under 
the mapping p : R"^' D defined by 

p(x, t) - {x, F(x) + t), 

we may reduce to the case of the half-space. The puU-back operators are of the same 
type, and, in particular, the coefficients remain f-independent. Moreover, if the original 
coefficients are real and symmetric, then so are those of the pull-back operator. In this 
setting, the parameter eo will also depend on ||VF||oo. In addition, our results may be 
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further extended to the setting of star-like Lipschitz domains (which would seem to be the 
most general setting in which the notion of "radial independence" of the coefficients makes 
sense). The idea is to use a partition of unity argument, as in OMMTI . to reduce to the case 
of a Lipschitz graph. We omit the details. 

Let us now briefly review the history of work in this area, which falls broadly into two 
categories, depending on whether or not the f-independent coefficient matrix is self-adjoint. 
We discuss the former category first, and we mention only the case of a single equation, 
although results for certain constant coefficient self-adjoint systems in a Lipschitz domain 
are known, see e.g. IlK] IK2I for further references. (Moreover, the present setting of 
complex coefficients may be viewed in the context of 2x2 systems, and indeed this provides 
part of our motivation to consider the complex case). For Laplace's equation in a Lipschitz 
domain, the solvability of (ID2b was obtained by Dahlberg |D|, and that of ( IN2I ) and (IR2b 
by Jerison and Kenig I.JK2 I ; solvability of the same problems via harmonic layer potentials 
is due to Verchota ||Vl, using the deep result of Coifman, Mcintosh and Meyer MCMcMI 
concerning the boundedness of the Cauchy integral operator on a Lipschitz curve. The 
results of [VJ and [CMcMI are subsumed in our Theorem lL12l via the pull-back mechanism 
discussed above. Moreover, as mentioned above, for A real, symmetric and t-independent, 
the solvability of (D2) was obtained in IJKH . and that of (N2) and (R2) in (KP], but those 
authors did not use layer potentials. The case of real symmetric coefficients with some 
smoothness has been treated via layer potentials in MMMTI . 

In the "non self-adjoint" setting, previous results had been obtained in three special 
cases. First, it was known that (ID2b is solvable for small, complex perturbations of con- 
stant elliptic matrices. This is due to Fabes, Jerison and Kenig IFJKII via the method of 
multilinear expansions. To our knowledge, (R2) and (N2) had not been treated in this 
setting. 

Second, one has solvability of ( ID2b . ( IN2b and ( IR2b in the special case that the matrix A 
is of the "block " form 



(1.15) 








B 









0---0 


1 



where B - B(x) is a nxn matrix. In this case, (D2) is an easy consequence of the semigroup 
theory, while (IR2I) amounts to solving the Kato square root problem for the n-dimensional 
operator 

7 = - div.t B(x)V^, 

and ( IN2b amounts to boundedness of the Riesz transforms V/"^ (equivalently, to solv- 
ing the Kato problem for the adjoint operator adj(J)). Moreover, the boundedness of the 
Riesz transform V7 2 can also be interpreted as the statement that the single layer poten- 
tial is bounded from into Lj. These results were obtained in ICMcMI (n = 1), MHMcl 
(n = 2), lAHLTI (when B is a perturbation of a real, symmetric matrix), fHLMc] (when 
the kernel of the heat semi-group e '-^ has a Gaussian upper bound) and I AHLMcTJ in 
generafl 



^We remark that Theorem I 1.11 I mav be combined with these results for block matrices jl.lSt to allow pertur- 
bations of the block case, but we do not pursue this point here; see, however, lAAHI . where this is done without 
imposing De Giorgi-Nash-Moser bounds, and where also extensions of Theorems l 1.13 l and l 1 . 1 4 I will be presented, 
via the development of a functional calculus for certain Dirac type operators. 
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Third, Kenig, Koch, Pipher and Toro OKKPTl have obtained solvability of (Dp) (the 
problems (Dp), (Np) and (Rp) are defined analogously to (D2), (N2) and (R2), but with L? 
bounds replaced by L^) in the case n-\ (that is, in R^), for p sufficiently large depending 
on L, in the case that A{x) is real, but non-symmetric. Moreover, they construct a family of 
examples in in which solvability of (Dp) may be destroyed for any specified p by taking 
A(x) to be an appropriate perturbation of the 2x2 identity matrix. Very recently, in the 
same setting of real, non-symmetric coefficients in two dimensions (that is, in R^), Kenig 
and Rule IIKRI have obtained solvability of (Nq) and (Rq), where q is dual to the IIKKPTI 
exponent. Their result uses boundedness, but not invertibility, of the layer potentials. 

The main purpose, then, of the present paper is to develop, to the extent possible, an 
theory of boundary value problems for full coefficient matrices with complex (including 
also real, not necessarily symmetric) entries. In fact, in the setting of L~ solvability with 
f-independent coefficients, the counter-example of [KKPTJ shows that our perturbation 
results are in the nature of best possible. 

A word about f-independence is in order It has been observed by Caff'arelli, Fabes 
and Kenig |CFK| that some regularity in the transverse direction is necessary, in order to 
deduce solvability of (ID2l l. More precisely, they show that given any function uij) with 

{(jj{Tyf-dT It - +00, there exists a real, symmetric elliptic matrix A{xJ), whose mod- 
ulus of continuity in the t direction is controlled by w, but for which the corresponding 
elliptic-harmonic measure and the Lebesque measure on the boundary are mutually sin- 
gular. On the other hand, it is shown in I FJKI that (D2) does hold, assuming that the 
transverse modulus of continuity uij) = sup^^^„ q^,^^ \A(x, t) - A{x, 0)| satisfies the square 

Dini condition J^(a)(T))^dT/T < 00, provided that A{x, 0) is sufficiently close to a constant 
matrix Aconst- It seems likely that the methods of the present paper would allow us to ob- 
tain a similar result, but with the constant matrix Aconsi replaced by an L°° matrix A'^(x) 
satisfying the hypotheses of Theorem 1 1 . 1 1 1 (in particular, real, symmetric). However, we 
have not pursued this variant here, in part because we conjecture that somewhat sharper 
estimates should be true. To explain this point of view, we recall that a more refined, scale 
invariant version of the square Dini condition has been introduced by R. Fefferman, Kenig 
and Pipher IIFKPI . and Kenig and Pipher [KP KP2J, to prove perturbation results in which 
one assumes (roughly) that |A'(x, t) - A'^(x, f)p^^ is a Carleson measure (actually, their 
condition is slightly stronger, but in the same spirit). Note that this condition requires that 
a' = a" on the boundary. Our work provides a complement to IFKPII and IIKPIIKP21 . in 
that we allow the coefficients to differ at the boundary. At present, the results of fFKPl 
and [KP, KP2 | apply only to the case of real coefficients. It is an interesting open problem 
to extend the theorems of IFKPII and IIKPI IKP2I to the case of complex coefficients, even 
in the case of small Carleson norm. Given such an extension, along with our results here, 
one could specialize to the case A\x,t) = A(x,t), A'^jc, f) - A(x, 0), with A(x, 0) close 
enough to a "good" (e.g., real, symmetric) matrix, to obtain a rather complete picture of 
the situation for L? solvability. 

Let us now set some notation that will be used throughout the paper. We shall use div 
and V to denote the full n+ I dimensional divergence and gradient, respectively. At times, 
we shall need to consider the n-dimensional gradient and divergence, acting only in x, and 
these we denote either by Vy and divy, or by and div.^; i.e. 
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and for R"-valued w, divy w = Vy ■ w. Similarly, given an (n + 1) x (n + 1) matrix A, we 
shall let A|| denote the n x n sub-matrix with entries (A\\)ij = Ajj, 1 < i, j < n, and we 
define the corresponding elliptic operator acting in R" by 

h = -div,A||V^. 

We shall also use the notation 

bearing in mind that x„+i - t. Points in R"^' may sometimes be denoted by capital letters, 
e.g. X - (x, t), Y - (y, s). Balls in R"+' and R" will be denoted respectively by B{X, r) = 
[Y : \X - Y\ < r} and Ar{x) = {y : \x - y\ < r). We shall often encounter operators 
whose kernels involve derivatives applied to the second set of variables in the fundamental 
solution r{x,t,y,s). We shall indicate this by grouping the operators with appropriate 
parentheses, thus: 

(5,V)/(x)= r V,,,,r(x,t,y,s)U=of(y)dy. 
Jr" 

Hence, one then has 

(5,V||) -f^-S, (div|| f) , (5,D„+i) = -d,S„ 

where in the second identity we have used (11.4b 

Given a cube Q, we denote the side length of Q by £(Q). Furthermore, given a positive 
number r, we let rQ denote the concentric cube with side length r((Q). 

We shall use P, to denote a nice approximate identity, acting on functions defined on 
R"; i.e. PJ{x) = (p, * f, where (pt(x) = r"0 (x/t), 4> e C^(M < 1)), < and = 1. 

Following [FJKl, we introduce a convenient norm for dealing with square functions 
(although we warn the reader that our measure differs from that used in [FJKJ): 

For a family of operators f/,, we write 

\\\U,\\W,op = sup \\\u,f\\w, 

Il/lll2(»"l=l 

and similarly for ||| ■ \\\-^op and ||| ■ llloH.op. Sometimes, we may drop the "+" sign when it 
is clear that we are working in the upper j-space. As usual, we allow generic constants C 
to depend upon dimension and ellipticity, and, in the proof of the perturbation result, upon 
the constants associated to the "good" operator Lq. Specific constants, still depending on 
the same parameters, will be denoted Ci, C2, etc.. 

The paper is organized as follows. In sections |2] and [3] we prove some useful technical 
estimates. In section|4]we discuss the boundary behavior and uniqueness of our solutions. 
The next five sections are the heart of the matter, in which we prove Theorem ll.llK sec- 
tions|5]|6]and|7]i, and Theorem ll.l2l (sections[8]andl9b. SectionfTOlis an appendix, in which 
we briefly discuss the constant coefficient case. 

Acknowledgements. The fourth named author thanks M. Mitrea for helpful conversa- 
tions concerning several of the topics treated in this work, including constant coefficient 
operators, the boundary behavior of layer potentials, and in particular, for suggesting the 
approach used here in Lemma 14.181 to obtain the analogue of the classical jump relation 
formulae. 
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2. Some consequences of De Giorgi-Nash-Moser bounds 



Throughout this section, and throughout the rest of the paper, we suppose always that 
our differential operators satisfy our "standard assumptions": that is, divergence form el- 
Uptic, with ellipticity parameters A and A, defined in R"^' , n > 2, with complex coefficients 
that are bounded, measurable and f-independent; moreover, we suppose that solutions of 
Lu - Q satisfy the De Giorgi-Nash-Moser estimates (ll.2l l and (11.3b . We now prove some 
technical estimates using rather familiar arguments. In the sequel, F will denote the funda- 
mental solution of L, and we set 



Lemma 2.2. Suppose that L and L* satisfy the "standard assumptions" as above. Then 
there exists a constant C\ depending only on dimension, ellipticity and (11.2b and (I1.3I) . 
such that for every integer m > - 1, for all f e R, and x,y E R", we have 



Sketch of proof. The case m - -1 of ( 12.3b follows from its parabolic analogue in II ATI . 
Section 1.4; alternatively, the reader may consult [HK2| for a direct proof in the elliptic 
case. The case m - may be treated by applying ( 11.3b to the solution u(x, t) = (9,r(x, f , y, 0) 
in the ball B((x, t),R/2), with R - ^/\t\^'l-Jx^-y\^ , and then using Caccioppoli's inequality 
to reduce to the case m = -1. The case m > is obtained by iterating the previous 
argument, and (12.4b follows from (11.2b and (12.3b . □ 

We remark that, by taking more care with the Caccioppoli argument, using a ball of 
appropriately chosen radius c„R rather than R/2, one may obtain the natural growth bound 
mlC" in ( 12.3b and ( 12.4b . We leave the details to the interested reader. 

Lemma 2.5. Suppose that L, L* satisfy the standard assumptions. Then, there exists a 
constant Ci, and for each p > I a constant Cp, such that for every cube Q C R", for all 
X € Q, and for all integers k > I and m > — I, we have 



« L^'QM^Q P'm)rid,r^' Wyrix,t,y,Qfdy < CCf (2*^(0)-«-2, Vf e R 
(ii) 1^(0" (5,)'"^' Vyr(x,t,y,0)fdy < cf^'{(Qr"-\ ^ < \t\<p£(Q)- 



Proof. We first suppose that A e C°°; we shall remove this restriction at the end of the 
proof. Of course, our quantitative bounds will not depend on smoothness. Let us consider 
estimate (i) first. We shall actually prove that for C2 large enough we have 



(2.6) ^2"'^' 11(2*^(0)'" id,)'"^' V,r(^, t, -,0)11^2^^' Q\2^Q) ^ C{2'{m-"-'- 



Fix xeQ. Let tfk e C~, = 1 on 2''^^Q\2''Q, supp^^ c |2*+ie\|2*^-'e, with 

||V^,|U<C(2*^(0r'. 



(2.1) 



K„,(x,y) = {d,)'"^'r(x,t,y,0) 



(2.3) 





00 
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We observe that 

/„, = J \(d,y"^'Vyr(x,t,y,0)\\l(y)dy 

<C%ejAl V,, (d,)'"^' Y(x, t, y, 0) ■ V,(d,r^' r(x,t,y,0)^l(y) dy 
(where Aj^ is the adjoint of the n x n matrix Ay defined by (A||)y - Ajj, 1 < j < n) 

^C^eJ (L*), (5,r+' nx, U y, 0)(d,r^'nx,t,y,0)<pl(y) dy 

-C!RejA* Vy (5,)"+' r(^, t, y, 0) (5,)'"+' r(x, /, y, 0) • Vy^iy) dy 
= /' +/" 

m m ' 

where i^jj = - divi Aj^ Vj. For each integer m > -I, define 

a„ = a,„(x) = 11(2*^(0)'" (D„+i)'"+'V,,r(x,f,-,0V,||2 = {2''£(Q)f I'f. 

Since r(;ic, f, ■, ■) is a solution of L* away from jc, f, we have that 

« «+i 

'■=1 >=i 

where in the second term we have used f-independence. We designate the respective 
tribution of these two terms to /'„ by I'^^ j and /^^ Now, 

I4,2l^c J |v,,,(D„+i)'«+2r| |(D„+i)'"^'r|^2 

< c(||Vv(A,+i)'"^'r^,|i2 + ll(A,+ir^'r^,|i2)||(D„+i)'"+'r^iii2 

< CCf ((2*^(0)-<"'+'>fl;„+i + C<"'^^^'(2*^(0)-('"+2)-f J(2'^^(0)-m-| 
(where we have used (|2.3l l) 

< CCf {a„^i(2'£(Q))-^"'-'-'i + cf^'>'(2^^(0)-2'«-2-") 

< C6al^i(2''{(Q)r^"' + ccf^^'"^^'' {d'' + l) (2*^(0)-2'"-2-«, 

where (5 > is at our disposal. Also, after integrating by parts 

« n 

= -C^eJ] Al^^(d,r^^r(x,t,y,0) (3,)'"^' Dir(x,t,y,0)ipl(y)dy 

- C!Re J r A*„^i (5,)'"^¥(x, f,3;, 0) (5,)"+' r(x, f , y, 0) A^^^y. 
By Cauchy's inequality, ( 12.31 1 and the bound for ||Vi/3t||oo, we obtain 

\I'„J < csi„, + ccf"''^' (r' + i)(2'Q)-''"-"-\ 

Similarly, 

\Q < C6I,n + CCf"'5-'(2*^(e))-2"'-"-l 
Collecting our estimates for j, /^^ An' obtain for (5 small enough that 

(2*^(0)"" /„. = al < C5ai,, + CCf'^'U-\2'{{Q)r"-' ■ 



ANALYTICITY OF LAYER POTENTIALS 



11 



Thus, 

DO OO OO 



m=-l 



We now choose 6 - 6„, = 2Z'^2^ " ^° '■'^^ "S'^* ^^'^^ inequality equals 



1 C2''"^"'fl2^i +2C 2 C2'«'+2,«+lc2(™+2f(2*^(0)-«-2 

m=-l m-~l 

Choosing now C2 - C\, we obtain <l2.6t , under the a priori assumption that 



The latter holds ifAix) e C°°, for in that case (5,)'"+' V,r(x, t,y) satisfies point -wise bounds 
analogous to ( 12.31 ), possibly depending on the regularization of the coefficients. The con- 
stants in ( 12. 6t and in the conclusion of Lemma [23] are independent of this regularization. 

The proof of estimate (ii) is similar, except that we replace the cut-off' function ipk by 
9? e C^(3g), with <^ = 1 on 2Q. We omit the details. 

To finish the proof of the lemma, it remains to remove the a priori assumption of smooth- 
ness of the coeflicients. To this end, fix a cube Q, and let g G C^iQ), /e C^(Rk(Q)X"), 
where i?o(6) = 2g, and Rk{Q) = 2*+' g \ 2*g, A: e N. It is enough to prove the estimate 

Kg, (A,+i)'"^'5, (diV|| /))| < CCf^\2'^Q)r'i-'"-'\\gMf\\2, 

with f > 0, and, when k - 0, p '^(2) ^ t < p£{Q), with the constants depending upon p 
in the latter situation. The case f < may be handled by an identical argument, which we 
omit. We define 

As = P^A = (f>s*A, 

where (psix) = e""0(x/e), and (f> e C,'^({|jic| < 1)) is non-negative and even, with J^„(/> = 1- 
Then A a.e.. Set 

Ls = - divA^V, 

and let Fg denote the corresponding fundamental solution. We note that 

L-J -L"' = L-JlL-^ -L-^L,L-^ = L-^div(A,-A)'^L-\ 

We choose a non-negative even cut-off function ip e Cq(-1, 1), with j^ip - 1. Fix f > 
(or t € (p'^e{Q),p{{Q)) if /t = 0). For 6 > 0, set ipsis) = d-^(pis/6), and define 

fdy, s) = fiy) (fisis), gt^six, t) = g(x) (fsit - r) 
Now, fix e > and suppose that Q < 6 < f/8. Then for |f - t| < 6, we have 

(D„+i)"'^' L-J div|| fs(x, t) ^ JJ (drr^'r,(x, T,y, s) divy f(y) ips(s) dyds 

= J <ps(s) (D„+ir+' div|| f) (x) ds, 
where denotes the single layer potential operator associated to L^. Thus, 

\{g,.5, (D„^ir^'L-J divii fs}\ = jj ipdT)ips{s) {g, (£'«+ir^'(5f_V^,)V||) ■ /> dsdT 

< CCf''\\gMf\\2(2'i(Q)r^--"'-' 



12 



M. ALFONSECA, P. AUSCHER, A. AXELSSON, S. HOFMANN, AND S. KIM 



by the a priori bound obtained for smooth coefficients, since |T+i| <26< f/4and||^||i - 1. 
Moreover, 

\{g,,5, (Dn^ir^'{L-J - L-') divii fs}\ = m,^ir'^'g,,s, L-J div(A, - A)VL-' divii 

= <V(l:)-'(£>«+i)"'^'^/,,5, (A, - A)VL-'diV|| 
which converges to as e — > 0, for each fixed 5 > 0, by dominated convergence, since 
V(L;)-'(D„+ir+Vr,5, VL-'divii/a e L2(r+i). 

(For the first term, the case m = -1 uses that a l}' L^p where 2» = 2(n + l)/(n + 3) 
is the lower Sobolev exponent in n + 1 > 3 dimensions.) Thus, 

K^,,*, (A,+ir^'i"' divii fs)\ < CCf'^ WghWfh (2'e(Q)r 



-m-1 



The conclusion of the lemma now follows from the observation that 

{8,,6, (D„^ir^'L-' diV|| fs) = jj 'Psiryvsis) {g, (£>„+i)'"^' 5, div,, f) dsdr 

^ <g,(D„+i)"'+i5,diV||/>, 

as 5 -> 0, since h(t) = {g, (D„+i)'"+'5, divy /) is continuous (even C°°) in (0, oo). □ 

As a Corollary of the previous two Lemmata we deduce 

Lemma 2.7. Suppose that L, L* satisfy the standard assumptions, and let f : R" — > C"^' . 
Then for every cube Q and for all integers k> \ and m > —I, we have 



(i) ||5r'(5,V) ■ (fl2'..e\2^e)llL2(e) < CCf2-"'(2'{(Q))- 

(ii) ll^r ' (5 ,V)-(f 122)11^2(2) <C/+'^(0-2m-2||f||2^^^^^^ 

Proof. We consider estimate (/). Let x e Q. Then 



2m-2 1 1 



f e . 



|5r'(5,V)-(fl2*..e\2'G)Wl' 



J2'+1 



G\2'e 



dr'Vy,,r(x,t,y,s)\s=o-{(y)dy 



< l|5r'Vv,,r(x,f,y,.) |,=o 11^2(2... e\2'-Q)ll 



iL-(2'+'e\2'e) 



\-H-2m-2 



< CC'2 (2*^(0) ii'iii2(2t+ie\2*0' 

where in the last step we have used Lemma 1231' /) and ( 12.31 ). The bound (0 now follows 
from an integration over Q. The proof of (//) is similar, and is omitted. 

Lemma 2.8. Suppose that L, L* satisfy the standard assumptions, and let f 
C"^', / : R" — > C. Then for every f e R, and for every integer m > 0, we have 



□ 



(i) 
(ii) 



||f'"+i5ri(5,V)-f|b(R„)<Ccf/2||, 
||r+i5r'V5,/|b(x„) <Ccf ^'||/||2 



Proof. Fix f e R and m > 0. It is enough to prove (/), since (//) follows by duality and 
the fact that adj S, = S*_,, where S* is the single layer potential operator associated to L*. 
We may further suppose that f 9^ 0, since otherwise the left hand side of the inequality 
vanishes. Set 0, = f^^ffl'^US ,V). We write 



lie, f II 



L2 



1/2 
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where the sum runs over the dyadic grid of cubes with £(Q) x \t\. With Q fixed, we 
decompose f into tliQ plus a sum of dyadic "annular" pieces (f l2'+ig\2'e)- The bound (/) 
now follows from Lemma l2771 We omit the details. □ 

The next lemma says that 

L - L\\- ^ A„+ij D„+iDy - ^ D,A,;„+iD„+i 
in an appropriate weak sense on each "horizontal" cross-section. 

Lemma 2.9. Let L satisfy the standard assumptions of this paper. Suppose that Lu — g 
in the strip a < t < b, where g e C,'5°(R"^'). Suppose also that Vu,Vd,u e L^(R"), 
uniformly in t e (a,b), with norms depending continuously on t e (a,b). Then for every 
F e L^CR") n l2(R«), and for all t G (a, b), we have that 



I A\\(x)'^ y^u{x,i)'^ yF(x)dx — y I An+ij{x)dxjdtu(x,t)F(x)dx 
-/ I Ai^„+i(x)dtu(x,t)dxiF(x)dx + I g(x,t) F(x)dx. 



Proof. Let t e {a,b), and let rj < min(f - a,b - t). Set i^,(s) - rj ^(pis/rj), where (f e 
C^i^, {),0<ifi, jifi^l. Define 

s) = F{x)(fi,j(t - s). 
Then by the definition of weak solutions, and f-independence, we have 

J'J Ai\(x)Vxu(x,s)'VxF,^,j(x,s)dxds - ^ J'J' A„+ij (x) d^jd, u(x, s) F,^,j(x, s) dxds 

By our hypotheses, the functions of t defined by the four integrals in ( 12.101 ). are all contin- 
uous in (a, b). The conclusion of the lemma then follows if we let rj ^ Q. a 



We may now prove a "2-sided" version of Lemma l278l 

Lemma 2.11. Suppose that L, L* satisfy the standard assumptions, and let f : R" — > C"^' . 
Then for every f e R, and for every integer m > 0, we have 

ir+2V||5r'(5,v)-fii2<c„,iifii2. 

Proof. Fix t eR. We may suppose that f 0, since otherwise the left hand side vanishes. 
By Lemma l278] (») and /-independence, we may replace (5,V)-f by (^/Vy)-/ = -5, divy /, 
where /e C^(R", C"). It then follows from Lemma|2J](/0 that 

(2.12) /3,M ^ iir+'vii^r' (5rV||) ■ fwl < a^cfiidivii/lii 

This last bound will not appear in our final quantitative estimates. Rather, the point is that 
the left hand side is a priori finite with some (non-optimal) quantitative control. 
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By ellipticity, Lemma IZ91 and Lemma lZ8] (/). we have that 
P,n{t) < Cr2'"+4^Re<A||V||5r'5,diV||/:V||5r'5,diV||/) 



= C%e £<A„+i,,- t'"^'Djd'r^S , divii /, r^'dr'S, divii /) 

7=1 

n 

- C%e ^<A,- „+i r^^ff^^^S , divii / f'«+2^,-5r^'5 , divy /) 
/■=i 

< C5-'cf\\ff, + C6Cf^^'>"\\f\\l + C6/]„^i(t) + C5-'cf ^'^'ll/lb + C6Mt), 
where 6 is at our disposal. Choosing 6 small enough, we may hide the last term, so that 

Thus, taking 6 = (J,,, = (JoCj^™, with So small, we have 

oo oo 
m=0 m=0 

CO 

m=0 

, OO 

m=l 

by choice of 6o small enough. By (12.121 ). the series converges, so the last term may be 
hidden on the left side of the inequaUty. In particular, we conclude that 

□ 

Lemma 2.13. Suppose that L, L* satisfy the standard assumptions. Fix a cube Q c R", 
and suppose thaty,y' e Q. For(x,t) e R"^', set 

u(x,t) = T(x, t,y,0)-r(x,t,y',0). 

If a is the Holder exponent in (I2.4l l, then for every integer k>4,we have 

(2. 14) f |Vm(jc, t)\^dx < C2-'"' (2*^(2))"" . 

J2'+'e\2'-e 

Proof By ([23, it is enough to prove ( l2TT4l i with V., in place of V. Let (pk G C^(3 ■ 2*2 \ 
3 ■ li'-^Q), with = 1 on 2*+i2 \ 2*2 and ||V.,^i|U < C(2*^(g))-'. Then the left hand 
side of ( 12.14b is bounded by an acceptable term involving a t derivative, plus 

= C%e j All V,M -7,(17^2^ - C%e j A^^V.u ■V,{ipl)u = I + II. 

By Lemma 1231 fory,y' e Q and x e (I'^^^QY, we have 

(2.15) |m(;c,/)I<C2-*" (2*^(0)'"'. 
and also 

(2.16) \d,u(x, 01 < C2-'"' (2*^(0)"" . 
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Using the first of these, we obtain 

\II\ < CI''" (2'e(Q)f~" ||V,^t|U J |V,m| <pt 



where e is at our disposal. Moreover, by Lemma |Z9l 

/ = -C 5Re ^ I J Ai^„+id,u DiUifl + J" A/,„+i5,m D,- (v't) Mj 

«+i „ 

+ C ^Re ^ I A„+ijDjd,uu(fil =h+l2 + h. 

Now, I\ satisfies exactly the same bound as term //, and by essentially the same argu- 
ment, except that we use (12.161) in place of ( 12.151 ). Moreover, using (12.15b . (12.161 1. and the 
properties of ipt, we see that 

I/2I < C2-^'"' (2^^(0)"" . 

To handle h, we note first that the case m = of Lemma l23l (with the roles of x and y 
reversed), applied separately for y and y' , implies that 



-n-2 



\d,VMx,tfipldx<c[2''m)) 
Thus, using also (12.151 ). we have 

I/3I <C2-*" (2*^(0)". 

Collecting these estimates, choosing e sufficiently small, and hiding the small term on the 
left hand side of the inequality, we obtain the desired bound. □ 

In the sequel, we shall find it useful to consider approximations of the single layer 
potential. The bounds in the following lemma will not be used quantitatively, but will 
serve rather to justify certain formal manipulations. For 77 > 0, set 

(2.17) 8",= J iprj(t-s)Ssds, 

where ip^ = ip,^ * ip^, ip^ e Cq{-t]/2,t]/2) is non-negative and even, with J = 1 and 
<fn(t) = Tl'^vitlrf). 

Lemma 2.18. Suppose that L, L* satisfy the standard assumptions, and let St denote the 
single layer potential operator associated to L. Then for each 77 > and for every f e 
L^(R") with compact support, we have 

(i) II5,5,''/|L2(R„) < C^,;,||/||l«,(r„) , < yS < 1. 

(ii) l|V.5;'/|L2(R„) < C,||/|L,2..2,„„.3,(R„) 

(iii) \\\td]S'Jf\\\ < C^,,||/||l«(r„) , < ^ < 1. 

(iv) ||V(5;' - < C^ll/lb, n < \t\l2. 

(V) lim,^o X"X„ |fV5, [S"! -S)f\''-^^Q, < e < 1. 
(vi) For each cube Q c R", ||<5,5,''||z.2(0^z.2(r„) < C,^x(Q)- 
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Proof, (i). We observe that 

dSmx)^ r k,{x,y)f{y)dy, 

where kt{x,y) = di (ip^ * r(x, ■,y, 0)) (t). Thus, by Lemma l272l 

|/t,(x,3;)| < Cmin(|x-3;r",?7"'|jc-3;|'"") < Ct]-^\x - yf'" , 0</3< 1. 

Estimate (/) now follows by the fractional integral theorem. 
(//)• We first note that 

S '!f(x) = JJ J" r(x, t-s-a-,y, O)f(y)dyif,,(s)(p,,(cr)dsdo- 
= J [L'^f,i)(x,t - o-)ip,,(o-)do-, 

where f,j(y,s) = f(y)if,(s). Let ^ e C^iWX"), with H^lb = 1, and set ^„(x,cr) = 
gix)ip^(o-). Then 

K^, V,5f/)| = JJ div, g,(x, cr){L-^f,)(x, t - cr)dxdcr 

^ \\8rj\\LHK'+i)\NL'^fr,\\LHR''*i) ^ CT/^'^^ll/jIb- (»■+') = Ct/^'^^IIi^i/IIl^. (R)ll/lb. (R"), 

where 2, = (2n + 2)/(n + 3), since L^'iR"^^) ^ LI^(R"^^) = (l2(R«+1))* , and VL^i div : 
l2(R"+') ^ l2(R«+1). Estimate (//) now follows. 
(///). We proceed as for estimate (/), and write 

td^Slf(x)^ f h,{x,y)f{y)dy, 

Jr" 

where h,{x,y) = tdj {ipr, * r(ji:, 0))(0, so that, by Lemma |Z2l 

|/i,(x,3;)| < amin(|x-3;r""',77"2|x-3/|'"") < Ct rr^-f^\x - yf'" , < yS < L 
Moreover, if f > Irj, we have the sharper estimate 

\h,{x,y)\ < C < Cr'^\x-yf-", < /3 < I. 



iii/iiL 



£2„/(„+2/fl(g„), 



Thus, 

\\\td^s1f\f < c {^J^' T^-^-^Ptdt + ^ r'-2/^flffj I 

and (Hi) follows. 

((V). We suppose that rj < \t\/2. Then 

l|V(5;' < vn * IIV(5(.) -5,)/|b(i,„). 

But for \ s - t\ < T] < |f|/2, we have by the mean value theorem and Lemma lZSl /O that 
l|V(5, - 5,)/|b(R„) < I sup WrVdrSrfWLHW) < C^ll/lb. 

I'l \T-t\<\t\/2 \'\ 
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(v). We take 77 < e/2, and write 



t 

dt 
t 



^„*||fVD„+i {S(.)-S,)f\\\ 

We claim that the last expression converges to 0, as 77 — > 0. Indeed, for |s - /| < ?; < f/2, 
we have that 

||fVD„+i (5, -S,)f\\LHR'') ^ ^ sup WrVdlSrfWLm.) < chfh 

\T-t\<tl2 t 

by Lemma IZSl' /O. Thus, for t] < e/2, ( |2.191 i is bounded by Crf-s^^WfWl, and the claim 
follows. 

(vi). Estimate (vi) follows from (/) and Holder's inequality. □ 
3. Some consequences of "off- diagonal" decay estimates 

Here, we prove some estimates that hold in general for operators satisfying the conclu- 
sions of Lemmas 12.71 and 12 . 8 1 For the sake of notational convenience, we observe that part 
(i) of the former conclusion can be reformulated as 

(3.1) llf/(/l2'+'Q\2'e)llL2(e) - *^"'^ "*( 2*^(0) ll/llL=(2'-'e\2'e) 

where 6, = f"'^'5J"^'(5,V). We now consider generic operators 0, which satisfy (13.11 1 for 
some integer m > 0. The next lemma is essentially due to Fefferman and Stein MFSL We 
omit the well known proof. 

Lemma 3.2. Suppose that {6t}reVv a family of operators which satisfies (13.11 ) for some 
integer m > and in every cube Q, whenever \t\ < C{(Q). If\\\Ot\\\op < C, then 

, , , ^,jdxdt 

is a Carleson measure for every b e L°°. 

Lemma 3.3. Suppose that {6t}teK. is a family of operators satisfying (13.11 1 for some integer 
m > 0, as well as the bound 

SUp||0r/lb(j,„)<C||/||2. 

teR 

Suppose that {A,)(gR is a family of operators satisfying the bounds 

sup ||A,/||2 < CII/II2, I|A,/IIl2(£) < C exp f ^^^^S^^l UWlHE') 
whenever (in the latter estimate) support f C E' . Then 9tAt also satisfies ( 13.11 1, whenever 

\t\ < ce(Q). 

Proof. We may suppose that k > 4, otherwise, subdivide Q dyadically to reduce to this 
case. Given Q, set Q = I'^^^Q. Then 

(3.4) ftA, = 6i,leA, -HftlR„\gA,. 

For the first term, we have the bound 

II^'/IqA, (/l2i+iQ\2'Q)lb(0 < l|0rll2^2l|A, (/l2t+ie\2'e)llL2((5) 

f -2*^(01 
< 11^112^2 exp|—^;j^j I ll/llL2(2'+ie\2'e) 
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which in particular yields ( 13. Il l for this term, if |f| < C{{Q). Next, we consider the second 
term in (I3.4l l. which equals 

li*^Q\2iQ^^f 

j>k-2 

The desired bound follows for this term by applying (13.1b for each j fixed, and summing 
the resulting geometric series. □ 

Lemma 3.5. (i). Suppose that {Rt}teVL is a family of operators satisfying (13.1b , for some 
m > \, and for all \t\ < C{(Q), and suppose also that sup, ||i?/||2->2 < C, and that Ril — 
for all t e R (our hypotheses allow Rfl to be defined as an element of L^^J. Then for 
h e l1(R"), 

(3.6) 

(ii). If in addition, diVj; \\2^2 ^ C/\t\, then also 

(3.7) \\\R,f\\\ < C\\f\\2. 

Proof. We suppose that t > Q, and show that ( 13.6b implies ( 13.71) . The latter follows from 

(3.8) II/?, (i^Ae''*) 112^2 < C min(y,-^), 

by a standard orthogonality argument. In turn, ( 13. 8b is easy to prove: the case f < is just 
( 13. 6b . and the case s < t follows by hypothesis from the factorization A = div^ . 

We now turn to the proof of ( 13.61 ). Let D(f) denote the grid of dyadic cubes with {(Q) < 
\t\ < 2{(Q). For convenience of notation we set mgh = h. Then 



\Rrh\^ < Ct^ \V,h\ 



f \R,hfY ^ 2 r \R,hf = 2 r \R>(h-m2Qh)\ 



-IZ r \'^'i(h-m2Qh)l2Q]f + Z r \i^ti(h - mail)! 

\QeDif} J VGeDW ^ 

Since Rt : L? ^ L?, we have by Poincare's inequality that 



{2QY 



= 1 + 11. 



I<C 



<C\t\ 



Li 



|V,/i|' 



^ I |/! - m2Qh\ 
Moreover, we are given that R, satisfies ( 13.1b . Thus, 

oo / ^ 

//<J] I I^'[(''-'"2g/^)12'-g\2'g]I 

<CJ] 22-^(-4> \h-m2Qh\^ 



<C|f|||V 



xn\\2- 



\h - mytiQhf 



k=\ j=\ VQeD(/) ^ 

where in the last step we have used that 

h — m2Qh — h — m2t*SQh + m2MQh - m2tQh + ■■■ — .■■ + m4Qh — m2Qh. 
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By Poincare's inequality, since j < kwe obtain in turn the bound 



C\t\ 



k=l j=l VC?eD(0 Q 

<c\t\ 



1.-1 ,-i n^n,.^ •J2' Q ) j=\ \QeD{t) ^ Q ^' Q 

X y ( r f \V,Mxtdxd)i ' = C|f| ||V,/Z||2 



Lemma 3.9. Given {Rt]tev^^ o-s in part (i) of the previous lemma, we have that 

\\\t-'R,F\\\ < C||V,-F||^2(R„), 

provided that \ jR,^{x)\^ is a Carleson measure, where = x. 

Proof. We may assume that F e Cq, and that f > 0. Let Dj denote the dyadic grid of cubes 
of side length 2 A Then 

,2'+' 



(3.10) 



£ Z r r f r'RrF(y)fdydx^. 
t-L . Jii Jo Jo t 



j=-oc QeD-j 



We now use an idea taken from Jj] and ||Ch2| pp. 32-33]. For (x, t) fixed, set 

G,/z) = F(z) - Fix) -(z-x)-P, (V||F) (x), 
where as usual P, is an approximate identity. Since 7?, 1 =0, we have, for any fixed x, 

-^R,F{y) = -^R, (G,,,) (y) + -^RMy) ■ P, (VyF) (x) = I + II. 



The contribution of // to (13.101 1 is bounded by 
y y \P,iV^^F)(xtf\-R,^(y) 

f—Lrt^ Jli Jo Jo\' 



j=-cc QeD_; 

< C 



ay ax — 



A) JX" 

by Carleson's Lemma, where 



r |P,(V||F)(x)|2(f |l7;,0(3;) 



Ux-<C||V||F||2,^^„,IMIc, 



J f 



(if 
f 



dxdt 



M\c = sup r f f f I ^/?,0(3;)| flfyj t/x 

G ^0 Jq \ JB(x,Ct) If I J 

<Csup -r -.R,<l)(y) -f dxdy—<CsviY>\ fr^' 

Next we consider the contribution of / to ( 13.101 ). For Q € D_j, and x e 2, we have 

QO DO 

/ = R, {t-'G,,,l2Q) iy) + (r'G,vl2'-G\2'G) W = + 2 4. 



yt=l 
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Since Rt : L? ^ L^, we obtain the bound 



Jo JW' 



dxdt 

<C \ \ (p(x,t)f— < C||V||F|b(R„), 



where (J3(x,t))'^ = j[j._^.|^Qf ^\Gx,i(y)\^dy, and where the last step is a well known conse- 
quence of Plancherel's Theorem, see, e.g. llCh2| pp. 32-33] or [TT pp. 249-250]. Further- 
more, since Rt satisfies (13.1b for some m> 1, whenever t ^ {(Q), we have that 



2 f 

1 

2 



where, after making the change of variable f — » f/2*, 

/r \F(y) - Fix) -jy-x)- P^-., (VyF) {x)\' ^ 

\J|.v-v|<Cr / 

We now claim that |||y6i||| < C V^||V||F||2, from which the conclusion of the lemma trivially 
follows. By Plancherel's Theorem, the definiton of P, and the change of variable x-y - h 
we have 

7 11 I k''^ '' - 1 - (ih ■ P, kl^'^tO?- 9-^9 dt 

\ \ \ ■ — ^-^\e\m^d^dh-. 



Jo J\h\<Ct 



where <^ e C|^{kl < 1) and J (f)= 1. By the change of variable /; — > f/i, we have 

2_ r°°r r le'^*' - 1 - (//if ■ ^) 0(2-*f^)p ^d^dhdt 



Jo J\h\<C 



)\h\<C JR" 

Since (j) e S and 0(0) = 1 , we have that 



|.''^-^-l-(//..r^)^(2-r^)|^^^. /^I^l^^^2^ 



m ~ \ mi 

Indeed, if f|^| < 1, then 

lei'^h _ 1 _ . ^(2-^f^)| |e''^'' -l-ih- \ih ■ (l - 0(2"*f^)) | 



t\^\ t\4\ t\^\ 

<c{m+2-<'m)<cm. 

On the other hand, if t\^\ > 1 , then 



< 



€1 " t\^y 

and 

We then obtain the bound < CA:||V||F||2 as claimed. 



ANALYTICITY OF LAYER POTENTIALS 



21 



Lemma 3.11. Suppose that ft satisfies ( 13. Il l for some m > 0, whenever < f < C€{Q) 
and that ||ft||2^2 < C. Let b e L°°(R"), anc/ let Jii denote a self-adjoint averaging operator 
whose kernel ip,(x,y) satisfies \(f,(x,y)\ < Ct^" 1||a-v|<c/)5 ft ^ 0, J (pi(x,y)dy — 1. Then 

snp\mb)^,f\\2<C\\b\Uf\\2- 

Proof. Since we do not assume that 0, : L°° — > L°°, this requires a bit of an argument. 
Observe that 

mb)jirf\\i < \\f\\2mmbfjitf)\\2 < \\f\\l\\%(x,-)\\Lm'-)^ 

where 'Ki(x,y) is the kernel of the self-adjoint operator / — > ^,{\9ib\^^if), i.e., 
%(x,y)= f ip,ix,zmbizf'P,(z,y)dz. 



Consequently, 

\\%(x,-)\\l' ^ f <Pr{x,zmb{ztdz<Ct-" f \e,b(z)\W 

Jr" J\x-z\<Ci 

Thus, by ( 13.1b and the fact that 0, is bounded on uniformly in t, we have that 

1/2 M / „ ^1/2 



\\%(x, Oll^r <C\\f \b\' + V 2-* f |/7|2 ^ < CII^IU 

[\jQ(xACt) I \JG(j:.2'+'C/)\e(A-,2'C0 / 

where Q{x, Rt) is the cube centered at x with side length Rt. This proves the lemma. 
Lemma 3.12. Suppose that 

r'(s\^ ds 

" Jo '?) ^'-'^'T' 

for some 6 > 0, where sup, ^ l|W^/,.sll2^2 ^ C. TTien 

lliaillop < QWOMop. 

Proof. This is a standard Schur type argument. Indeed, if |||G(x, f)||| < 1, then 

r°° r dt r°° r°° r is\^ dtds 

G(x,t)n,f(x)dx— = l|.v<r)(-) G(x,t)W,,sOsf(x)dx 

< C|||ft/|||. 

□ 

4. Traces, jump relations, and uniqueness 
We begin by proving a useful technical lemma. 

Lemma 4.1. Let L, L* satisfy the standard assumptions. Suppose that Lu — and that 
N^iVu) e L^iR"). Then 

(4.2) sup||VM(-,f)ll2<C||A^,(VM)||2. 

t>0 
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Proof. The desired bound for dtu follows readily from f-independence and ( 11.31 ). Thus, we 
need only consider V.^m. Let ij/ € C^{W, C"), with \\ij/\\2 = 1. For fo > fixed, it will then 
be enough to establish the bound 



m(-, fo) div V ij/ 



< q|A'.(VH)||2. 



To this end, we write 

m(-, fo) diVj: ij/ 



u(x, fo) - T u(x, t)dt div^ (fi{x)d. 

■Jib/2 I 
-T U(X, 



f) div t \ft{x) dtdx = I + II. 



We first observe that 



f '° ( f 

." J/o/2 \J|.v-.v|<f 



dy V xu{x, t) if/{x) dt dx 



< CWNJVu) 



by Cauchy-Schwarz and Fubini's Theorem. Moreover, 
|/| 

I r'» r'» r 

^(x, i) i^(jc) dxdsdt < C to 



Xnto f-io 
T I dsu(x, s) ds divx ^{x) dt dx 
« J/o/2 Jt 

I /^'o p'o p 
Jto/2 J/ Jr" 



Jfo/2 JR" 

-T r |<9.5m(x 
J/o/2 Jr" 



,1/2 



(x, i)| t/xt/i 



,1/2 



s)\ dxds\ 



where in the last step we have split R" into cubes of side length a; fo and used Caccioppoli's 
inequality. The conclusion of the lemma follows since the bound already holds for dsU. □ 

We now discuss some trace results. The following lemma is the analogue of Theorem 
3.1 of [KPJ. We recall that u — > f n.t. means that lim(^(y)^(v.o) u{y, f) - fix), for a.e. x e R", 
where the Umit runs over {y, f) e y(x). As usual, will denote a self-adjoint approxi- 

1 2 

mate identity acting in R". We shall denote by Wc' the subspace of compactly supported 
elements of the usual Sobolev space W''^. 



Lemma 4.3. Suppose that L,L* satisfy the standard assumptions. If Lu — in R"^' and 
A^,(Vm) e L^(R"), then there exists f e Lj(R") such that 

(i) l|V||/||2 < C||iV,(VM)||2, and u -> fn.t., with |M(y, f) - /(x)| < CtN^{Vu)(x) when- 
ever (y, t) G y{x). 

(ii) V||m(-, f) V|| / weakly in L^{W) as t ^ 0. 

If Lu — in R" X (0,p), where < p < oo, and supo<t<p 0IIl2(R") < then there 

exists g e L^(R") such that g — du/dv in the variational sense, i.e., 

(iii) ]J.„„ AVm ■ VCydxdt ^ j^,,g^dx, VO e W^-^(W x (-p,p)). 

(iv) ■ AVm(-, f) ^ g wea/fcfy in L^(R") as t ^ 0. 
(Here, N = -e„+i is the unit outer normal to R"^^ j. 

Of course, the analogous results hold for the lower half space. 

Proof. The existence of / e Lj(R") satisfying (/) may be obtained by following mutatis 
mutandi the corresponding argument in I.KP.I pp. 461-462. 



ANALYTICITY OF LAYER POTENTIALS 



23 



(//). We first establish convergence in the sense of distributions. Let ij/ e CJ^(R", C"). Then 
by (0, 



r (V||M(-,f)-V||/)<; = r («(■,?)-/) divii<; 

Jr" JiR" 



<a||A^,(VM)||2||div|| (Alb^O. 



By the density of in L?, the weak convergence in then follows readily from ( 14. 2t . 

(///). We follow |KP I, with some modifications owing to the unboundedness of our domain. 
We treat only the case p = oo, and leave it to the reader to check the details in the case of 
finite p. Fix < 7? < oo and set Br = B{Q,R) = {X e R"+i : \X\ < R], B^ = BrH and 
Ajj = Br n {f = 0). Define a Hnear functional on W,J'^(Br) (the closure of in W^'^{Br)) 

by 



'0 



Clearly, ||Ar|| < CR^'^ sup,>o ||Vm(-, f)ll2- By trace theory, tr{wl'\BK)) c hI'\Ar), de- 
fined as the closure in H^'HR") of ^^(Ar). Here, = ll/ll£^(R") + II 1^1 YIIl2(r»), for 

1/2 12 

< 5 < 1. On the other hand, suppose that i// e (Ar). We extend if/ to i//exi e Wq' (Br) 
by solving the problems 

(D.,D-) ji::^' ^1^^.-0 in B| 

We set if/ext = iff^^, 1 + fc/ 1 B- , and by standard theory of harmonic functions we have 

I|ViA«/IIl2(B«) < C\\tf/\\HUHA^). 

Thus, we may define a bounded linear functional on //y' (Ar) by Hs(i/') s As(i/'„,). Since 
Ar(Y) = whenever T e Wo'^(B+), then HR(i/r) = AR(»i') for every extension € H'(J'^(Bfi) 
with fr(*i') = 1^. Thus, there exists a unique ^r e H^^^^{Ar) with 



AVm ■ = <gR, fr(>P)), V>F € W^''(Br). 



Now suppose that Ri < R2, and construct corresponding to s B{0,Ric),k - 1,2. 

12 12 

Then, since W,,' (Bi) c W,,' (B2) (if we extend elements in the former space to be outside 
of Bi), we have that gR, - gR, in //"'^^(Arj). Thus, {gRi,ilf) = {gR^,^), whenever € 

1 /2 

He (R"), and B\, B2 contain the support of i//. It follows that g = limR^ogR exists in the 
sense of distributions, and that 

(4.4) \\ AVm ■ W = fr(*P)), VP e Wl'^(R"^^). 



To complete the proof of (/;/), it remains only to establish that g & L^. The bound 

llgib <Csup||VM(-,f)ll2 

will be an immediate consequence of (/v), to which we now turn our attention. 

(/v). Again we present only the case p = 00. Since sup,>o ||Vm(-, f)ll2 < °°, it is enough to 
verify the weak convergence for test functions in CJ^. Let ^ e C^(R"+'), t]/ = *I'||,=o). By 
( I4.4l i. it is enough to show that 



r ^■AVu{-,f)4t^ \ \ AVm V^, 



24 



M. ALFONSECA, P. AUSCHER, A. AXELSSON, S. HOFMANN, AND S. KIM 



as t ^ 0. Integrating by parts, we see that for each e > 0, 

(4.5) 1 N ■ Pe(AVu{-,t))ifr^ If PJAVu(;t+ s))(x)-V^>(x,s)dxds, 



since Lu - and our coefficients are f-independent. By dominated convergence, we may 
pass to the hmit as e — > in (14.5b to obtain 



(4.6) N ■ AVu{-,t)\p ^ A{x)Vu(x,t + s)-V^'{x,s)dxds, 

Jr" JjRf 

It therefore suffices to show that 

A(x){yu{x, t + s)- Vm(x, s)) ■ V^(x, s)dxds - oi^yft), as f ^ 0. 

To this end, let R denote the radius of a ball centered at the origin which contains the 
support ofV. We split the integral into j^^^^^^^ + J^^^^^^^ . Since sup,^,, ||Vm(-, Olb < °°, 
the first of these contributes at most 0(t), while the second is dominated by 

C||V>P||2 1 J J ||V5,M(-, s)\\l,^^„^d.^ < C^t j J j sup ||Vm(-, OII2, 

where in the last step we have used Caccioppoli's inequality in Whitney cubes in the 1 /2- 
space. The desired conclusion follows. □ 

Next we discuss the boundedness of non-tangential maximal functions of layer poten- 
tials. We recall that is defined in ( 12.171 1. and that Pt denotes a smooth approximate 
identity acting in R". In the sequel, given an operator T, we shall use the notation 

/A n\ IITII IITII \\Tf\\L^{W) 

(4.7) \\T\\op,Q = \\T\\l2(q)^l-(R") = sup — , 

ll./llz.2(e) 

where the supremum runs over all / supported in Q with II/II2 > 0. 

Lemma 4.8. Let L,L* satisfy the standard assumptions. Then for \ < p < 00, we have 

(i) \\N^MS,f)\\p < Cp (sup,,„ \\d,S,\\p^p + 1) 11/11,,. 

(ii) ||A^.(V5,/)||^ < Cp (sup,,o W^^SJWp + \\NMS,f)\\p) . 

(iii) ||A^. (P,(V5,/)) II;, < Cp (sup,,„ ||V,5,/||p + ||A^.(5,5,/)||;,) . 

(iv) sup,„>o \\N. {P,d,Slj) II2 < C (sup,,o \\d,S%p,Q + l) H/lb, i]>0, supp/ c Q. 
(V) ||A^. ((5,V) ■ f) |b,» < C (sup,,o ll(5,V)||2^2 + 1) I|f|l2. 

(vi) \\N. (D,f) < C(sup,,„ ||(5,V)||2^2 + 1) II/II2. 

where L^'°° denotes the usual weak-L^ space. 



Proof. By Lemma l272l the kernel K,{x, y) = 5,r(x, t, y, 0) is a standard Calderon-Zygmund 
kernel with bounds independent of f. We may then prove (;) by a familiar argument in- 
volving Cotlar's inequality for maximal singular integrals. We omit the details (but see 
the proof of (iv) below, which is similar). Estimate (//) may be obtained by following the 
argument in [KPJ, p. 494 (again we omit the details) and (vi) follows from (v). It remains 
to prove (//;■), (iv) and(v). 
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(Hi). The proof is similar to that of estimate (//), and we follow OKPL Fix xo e R", and 
suppose that \x - xo\ < t. It is enough to replace V by Vy. We have 

P, (V||5,/) ix) = V,P,(5,/)(x) = r' ^,{S,f)(x) 



\J0 -J/^iAxo) I 



where we have used that fVjf , = Q, annihilates constants. But 



<CM(N,idsS,f))(xQ), 



dsSJds](x) 
and, by Poincare's inequahty, 

< CM(V||5o/)(xo). 



r'^,(5„/-f Soflix) 



(iv). We suppose that rj « ({Q), and that Q is centered at 0, as it is only this case that we 
shall encounter in the sequel. We shall deduce {iv) as a consequence of the following re- 
finement of Cotlar's inequality for maximal singular integrals. Let T be a singular integral 
operator associated to a standard Calderon-Zygmund kernel K{x,y). As usual, we define 
truncated singular integrals 



TJ(x)= r Kix,y)f(y)dy, 

J\x-y\>s 

and we define a maximal singular integral 

rf/ = sup \T,f\. 

0<E<R 

We claim that the following holds for all / supported in a cube Q: 
(4.9) rf ®/(x) <c{Ck + \\T\\op,q) Mf(x) + CM(Tf)(x), 

where Ck depends on the Calderon-Zygmund kernel conditions. Momentarily taking this 
claim for granted, we proceed to prove (iv). 

Let K'i'(x,y) denote the kernel of d,Sl (see ( |2.17| l). i.e., 

K'/(x,y) = d,{^,*r(x,;y,0))(t). 

Then by Lemma l272l we have for all f > 0, uniformly in fo > 0, 



(4.10) \Kl, (x,y)\ < c(it:±!^ + 

(4.11) \Kl,^ix + h,y)- K\{x,y)\ <C ^_ ,.'^'''.,,„,„ . \x - y\ + t > \Qt^ 



(f+l^-yl)" 

where the last bound holds whenever |jc - y| > 2|/i| or 2f > \h\. Of course, we also have a 



similar estimate concerning Holder continuity in the y variable. In particular, K'^^, {x,y) is 



a standard Calderon-Zygmund kernel, uniformly in t, to and 77. 
We begin by showing that for each fixed jcq e R" and fo > 0, 



(4. 12) A^. {P,dtSl,j) (xo) < sup \d,S';f(xo)\ + CM(Mf)(xo). 

/>0 

To see this, let \x - xo\ < t, and note that 
\Pr(d,Sl,J)(x) - d,Sl,J{xo)\ < Cr" f f \K\{z,y) - K\{xo,y)\\f{y)\dydz, 
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for which, in the case t > lOrj, we obtain immediately the bound CMf(xo) by applying 
( 14.1 lb . In the case t < lOrj, we split the inner integral into 

r + r <CMf(xo) + C(Mf(z)+Mf(xo)), 

J|.vo-v|>10;, J|.vo-v|<10;; 

where we have applied (14.1 11 1 to bound the first term, and ( 14.1 Oi l to handle the second. The 
estimate ( 14.121 ) now follows readily. 

Next, we observe that for / supported in a cube Q centered at 0, with {(Q) » t], 

(4.13) sviv\d,S'lf{x)\< sup \d,Slf(x)\+CMf{x). 

t>0 Q<i<e(Q) 

Indeed, suppose that t > i(Q) » tj. Then 

\d,S''j{x)\ < J \K'^(x,y)f(y)\dy < CMf(x), 

by ( 14.101 1. since foiy e Q, we have \x-y\ ^ \x\, if |x| > Ct, and \x -y\ < Ct, if |jt:| < Ct. 

Combining ( |4.12| l and ( 14.131 1, we see that it is enough to treat supo^,^^(0 \d,S'lf(x)\. To 
this end, fix xq and t e (0, {{Q)), and set p s max(f, 277). Then 

d,Slf(xo) = r {K'^(xo,y)-K'^(xo,y))f(y)dy 

J\xo-y\>5p 

+ r K'^(xo,y)f(y)dy- f K'^(xo,y)f(y)dy 

-'|.to-yl<5p J5p>\.xo-y\>p 

+ r K^,(xo,y)f(y)dy = I + II + III + IV. 

J\xo-y\>p 

Then |/| + |//| + \III\ < CMfixo), by Lemma|22]and by KM . Also, 

r K'^(xo,y)f(y)dy . 

J\xn-y\>E 



\IV\ < sup 

0<£<f(Q) 



Thus, taking T in ( |4.9l l to be the singular integral operator with kernel Kq(x, y), we obtain 
(iv), modulo the proof of (|4.9l l. 

We now turn to the proof of ( |4.9l l. The argument is a variant of the standard one. 
Suppose that / is supported in a cube Q, and fix e e (0,^(0) and xq € R". Set A = 
^s/iixo), 2A = Ai;{xo). Let /i = /I2A, fi = f ~ fi - Then for x e A, we have 

\Tefixo)\ = \Tf2{xo)\ = |r/2(xo) - Tf2(x) + T f{x) - r/i (x)\ 
< CKMfixo) + \Tf(x)\ + \TMx)\. 

Let r e (0, 1), and take an U average of this last inequality over A. Note that /i = unless 
2A c 5g, since diam(2A) < 2{(Q). We therefore obtain 

|r,/(xo)| < c^M/(xo) + M(|r/r)'/'-(xo) + (£|r/ii'j 

< c{Ck + \\T\\l ]Mf(xo) + M(Tf)(xo), 

where we have used Kolmogorov's weak-L' criterion, and L' °° is the usual weak-L' space. 
But by a localized version of the Calderon-Zygmund Theorem, 

\\T\\lHQ)^L' "(5Q) ^ C (Ck + \\T\\l^(Q)^l^(5Q)) < C (Ck + l|r||L2(0^L2(R»)) ' 

and (|4r9] l follows. 
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(v). By (/) and f-independence, we may replace V by Vi. The desired estimate is an 
immediate consequence of the following pointwise bound. For convenience of notation set 
K = sup,>o II (5fV||) 112^2- Let /e C^(W, C"). We shall prov^ 

(4.14) A^,((5,V,) ■ f){x) < C (m((5,|,=oV,) ■ /)(x) + (K + l){M(\fy)f\x)) 

To this end, we fix (xq, to) e R"^' and suppose that \xq - x\ < 2t, |f() - s\ <2t and that k > 4. 
We claim that 

(4.15) r \W,ir{x,s,y,0)-nxo,tQ,y,0)fdy<C2-'"'(2''tr". 

->'2'r<|A-o-v|<2'+'/ 

Indeed, the special case i = fo is essentially a reformulation of Lemma l2.13l but with the 
roles of X and y reversed. In general, we write 

Fix, s, y, 0) - Tixo, to, y, 0) = [r(x, s, y, 0) - r(xo, s, y,0)] + {Tixo, s, y, 0) - r(xo, fo, y, 0)}. 

The first expression in brackets is the case s - to, while the horizontal gradient of the 
second equals 

VydrT(xo,T,y, 0)dT. 



f 

Jta 



We may handle the contribution of the latter term via Lemma |23] This proves the claim. 
We set m(-, f) = (5,V||) ■ /, and we split m = mq + = «() + «, where 

oo 

M() = (5,V||) -/o, Uk = (S ^ii) ■ fk, u = ^Uk, 

k=4 

and fi, = / l||,„-.|<i6,), fk = flK„ and % = {y: 2^ < |xo - y| < 2*^+if). By gH, for 
s e [-2f, 2f] and |xo - x\ < 2t, we have that 

,1/2 



\uk(x, s) - Uk(xo,Q)\ < 
Summing in k, we obtain 

(4.16) \u(x,s)-u(xoM < C {M(\ff)f'\xo). 
Moreover, since Luq = 0, by ( 11.31 ) it follows that 

\uo(x,t)\ < clf-f \uoA < Cr"/2 sup II (5,V||)-/o||2 

\J JB((x,t),t/2) I T>0 

< CK(m(|/?))'^'(xo). 
Taking i = f in (14.161 ). we therefore need only establish the bound 

(4.17) |m(xo,0)| < C(K+ 1)(m(|/T))'^'(xo) + CM(m(-,0))(xo) 

The proof of ( I4.17l i is based on that of the well known Cotlar inequality for maximal 
singular integrals. Set Aq - {\x - xo\ < t], and let x e Aq. We write 

|m(xo, 0)1 < \u(x, 0) - m(xo, 0)1 + \u{x, 0)| 

< \u{x, 0) - m(xo, 0)1 + \uq{x, 0)1 + \u{x, 0)1 

< C (m(|/T))''' (x„) + |mo(x, 0)1 + \u(x, 0)1, 



The bound for the last term in )4.14) may be improved to (M{\f\i)fl''(x), for some q < 2 depending on 
dimension and ellipticity, as the fourth named author will show in a forthcoming paper with M. Mitrea. 
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where in the last step we have used (I4.16l l with s -0. Averaging over Ao, we obtain 

|S(xo, 0)1 < C (m(|/?))'^' (xo) + J£ \uo{x, 0)|2flfxj + M (m(-, 0)) (xo). 

Since the average of uq is bounded by CK (Md/j^))' (xq), we obtain ( 14.171 ). □ 

We are now ready to discuss the jump relations and traces of the layer potentials. We 
recall that S*,D* denote the single and double layer potentials associated to L*. 

Lemma 4.18. Suppose that L, L* satisfy the standard assumptions, and that the single 
layer potentials S ,,S* satisfy 

(4.19) sup||V5,||2^2 + sup||V5;i|2^2 < ^■ 

Then there exist L? bounded operators K, K, T with the following properties: for all f e 
L^{W), we have 

(i) [±\I + K)f ^dyU"^ 

where u"^ = S tf, t & R-t, and dy denotes the conormal derivative —e„+\ ■ AV, interpreted in 
the weak sense of Lemma \4.3\ {iii) and (iv). 

(ii) D^sf -^[+\I + K)f weakly in 

(iii) (V5,) |,=±,/ (+ 2aJi„,i ^"+i + '^)/ weakly in L^. 
Proof. It is enough to prove (/). Indeed, if we define 

K = adj[K*), 

then (ii) follows from (/) and the observation that £), = adj(j^ ■ A*V5*) |,=_5. To obtain 
(///), we first use ( 14.191 ), Lemma l4~8l Lemma l43] and the formula 

(4.20) -A„^i^„^id,S,^I=l-AVS, + YjA„^ijDjSr 

j=i 

to deduce that 5,5,/ converges weakly in L^, as f — > 0. Thus, we may define 

Tf = tr(VSrf). 

Then (Hi) follows from ( 14.201 ) since ^\\S if does not jump across the boundary. 

To prove (;), we apply Lemma l43] (n/) in both R"^', to obtain g'^ e L^(R"), with g'^ - 
dyU"^ in the weak sense. We now defin^l K by 

(4.21) i^-I + K^f^g\ (-il + K^f^g-, 

and to show that this operator is well defined, we need only verify that g^ - g^ - /. It is 
enough to prove that 



(4.22) AVm+ ■ VWxt/f + AVm" ■ VWxc/f = /Wx, 

for all ^> e Cg°(R"+i). To this end, set m± = S'Jf, where 5 J' is defined in dTTT] ). so that 

r(x, f , y, s)f^(y, s)dyds, f e Rj- 



^We are indebted to M. Mitrea for suggesting tliis approacli. 
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where f^iy, s) = f(y)ipr](s) and (p,j is the kernel of a smooth approximate identity acting in 
1 dimension. Let U,f = M,)l]Rn+i + m^1r.^+i. Since LF = S, we have that 

= rr ^ r 

as 77 — > 0. On the other hand, fixing s momentarily, we have that 

rr av(m; - ■ = r r + r r 

JJr:;+' Je Jr" Jo Jr« 

Fix a number R greater than the diameter of supp(*F). Then 



141 <C4. J sup mS'l-S,)f\\ 



L2(R") 

£<t<R 



as 77 ^ 0, by Lemma l2.18l Moreover, 

sup|/4| < C^s sup \\VS,f\\2 < C^sWfh, 

;;>0 (#0 

where we have used that sup,^>o ll^^'I'/lb ^ sup, ||V5',/||2, by construction of S'l ( 12.171 ). 
The analogous convergence result for the lower half-space concludes the proof of (/). □ 

We turn now to the issues of non-tangential and strong convergence for £),. 

Lemma 4.23. Suppose that L, L* satisfy the standard assumptions, that the single layer 
potentials S„S* satisfy ( 14.191 ), and that = S*\,=q : L^(W) Lj(R") is bijective. Then 
for every f € L^(R"), we have the following: 

D±,f + K^f n.t.andinL^. 

We first require a special case of the Gauss-Green formula. 

Lemma 4.24. Let L,L* satisfy the standard assumptions, and suppose that Lu — 0, L*w — 
OmRf with 

(4.25) sup (||Vm(-, f)ll2 + l|Vw(-, Olb) < ^, 

t>0 

and dvuw(-, 0), dv'Wu(-, 0) e L'(R"fl Suppose also that there exist Ro,/3 > such that for 
all R > Ro, we have 

(4.26) rr |Vm||Vw| + \Vu\R-^\w\ + \Vw\R-^\u\ = O (R''^) . 

J jRf n(B(0,2R)\B(0,«)) 

Then 



dyuw- j udy-w. 
Of course, the analogous result holds in R""^' . 



"^Here, dy and cJy* are the exterior conormal derivatives, corresponding to the matiices A and A* respectively, 
which exist in the weak sense of Lemma|43] 
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Proof. By the symmetry of our hypotheses, it is enough to show that 
(4.27) \\ AVm 7^= \ dyUw. 



To this end, for Ri^ < R < oo, let ©^(X) = &{X/R), where e C^(B{Q, 2)) and s 1 in 
B(Q, 1). We set wr = w®r. Then by Lemma |431 we have that 



AVm ■ Vwfi = I dyU wr. 

A simple limiting argument completes the proof. □ 

Corollary 4.28. Let L, L* satisfy the standard assumptions, and suppose that the respective 
single layer potentials St,S*, satisfy ( |4.19l l. Further suppose that m(-,t) = S t4' in R"^', 
where i// € C^(W). Then setting uq = u(-, 0), we have 

(4.29) £),«() = S,(dyu). 
Proof. It is enough to show that for all (f e C('^(R"), we have 

XDiUolp - I S,{dyU)lp. 
Jr" 

Note that adj(D,) = N ■ A* (VS*) |r=-,, and that adjiS,) = S*_,. Set m*(-, r) = S^ip,, so that 
L*M* = in R"+' \ {r = 0). It suffices to verify the hypotheses of Lemma l4!24l in the 
lower half-space, for m, w, with w(-, s) = m*(-, s -t), s <0. Estimate ( 14.25b is immediate by 
(14.19b . By Lemma I231 we have 

(4.30) \u(X)\ + \w(X)\ = 0{\X\-"^^) as \X\ oo. 

Also, Lu - Q,L*w = in R"^' \ B{Q,Ro), if Rq is chosen large enough, since (p,ij/ have 
compact support. Thus, by Caccioppoli, 

rr m^<c[f (Mf.o 

J Jr1+' n(B(0,2R)\B(0,R)) JJlL'!*' n(B(0,3/f)\B{0,-R/2)) \ ^ / 

for 7? > 4Rq, and similarly for w. Estimate ( 14.26b follows. Finally, the boundary integrabil- 
ity of dyUw and dy'W u follows readily from Cauchy-Schwarz, the fact that n > 2, and two 
observations: first, that by Lemma [2771 and duality, we have 



/ 



\dyu\'- + \dy.w\ = 0{R-"); 

M2«(0)\Aff(0) 

second, that ( 14.30b implies that 



/ 

J A- 



\u\^ + \w\^ ^oiR^-"). 

A2«(0)\A„(0) 



We leave the remaining details to the reader. □ 

Proof of Lemma W?23\ Since we have already obtained the limits (+5/ + K)f in the weak 
sense (Lemma [4.18b . it is enough here merely to establish existence of n.t. and strong L^ 
limits, without concern for their precise values. We give the proof only in the case of the 
upper half-space, as the proof in the other case is the same. 

We begin with the matter of non-tangential convergence. Observe that adjiS iV) - 
(V5*) |r=-r, so by ( 14.191 ) and Lemma |4~8l v'/), it is enough to establish n.t. convergence for 
/ in a dense class in L^. We claim now that {5o divy g : g e C^(R", C")) is dense in L^. 
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Indeed, by hypothesis and duality. So '■ L^i is bijective. Thus, L? - {So divy g '■ g & 

L?}. The density of Cq in establishes the claim. 

We now set f - uo - 5o(diV||^, with g e C", and let u(-,t) - 5T(diV||^, r < 0. We 
may then apply Corollary 14.281 to obtain that D, f - S,{dvu). Moreover, (14.19b . Lemma 
14.81 and Lemma 1431 implv that dyU e L} and hence also that S ,{dvu) converges n.f., from 
which fact the non-tangential part of (//) now follows. 

We turn now to the issue of strong convergence in L^. By ( |4.19l l, we have in particular 
that L? bounds hold, uniformly in f > 0, for £),. Thus, it is once again enough to establish 
convergence in a dense class. To this end, choose mq, u as above. It suffices to show that 
£),M() is Cauchy convergent in L^, as f — > 0. Suppose that < f' < f — » 0, and observe that, 
by Corollarv 14.281 ( 14.191 ) and our previous observation that dvU € L?, 



'X' 



\\D,uo - D.uoh = II dsS,(^dyu)ds\\2 < (f - t')\\d,SsdM\2 ^ 0. 



Lemma 4.31. fUniquenessj. Suppose that L,L* satisfy the standard assumptions, and 
that we have existence of solutions to (D2) and (R2). Then those solutions are unique, in 
the following sense: 

(i) Ifu solves (D2), with u{-, t) in L^, as t Q, then u = 0. 

(ii) Ifu solves (R2), and u —* n.t., then u = 00 

If, in addition, L and L* have "Good Layer Potentials ", then the solution to ( N2 ) is unique, 
in the sense that: 

(iii) Ifu solves (N2j, with du/dv — in the sense of Lemma \4. 3\ iiii^ and {iv), then u = Q 
(modulo constants). 



Proof. Consider first uniqueness in (D2). We begin by constructing Green's function. By 

-2 

.-nil 



Lemma l23] with m - -1, for each fixed (x, t) € R"^\ we have r(^, f, ■, 0) e L\, with 



(4.32) ||V||r(x,f,-,0)||i2(R„)<cr 

Thus, by (R2), there exists w - Wx,t solving 

Lw = in R"+i 



(R2) 



Set 



w(-,s) r(x,t,-,0)n.t. 

l|A^.(Vw)|L2(j,„) < Ct-"'\ 



G(x, t,y, s) = r(x, t,y, s) - Wx,t(y, s). 



and note that 



(4.33) sup ||VG(x,f,-,i)|b(j.„)<Cf 

s:\s-t\>t/S 



-nil 



Let 6 e C('5°(R"+'), with 6* s 1 in a neighborhood of (x, f). Then, since Lu - 0, we have 
u{x, t) - (u6)(x, t) - JJ A*'^y^sG(x, t,y, s) ■ V(u6)dyds 

^- JJ GVe-AVu + JJ VG ■ AVeu = I + II. 

'"Our data in the problem (R2) belongs to Lj , whose elements are defined modulo constants; thus, uniqueness 
in this context must be interpreted con'espondingly. We assume here that we have chosen a particular realization 
of the data equal to a. e. on the boundary. 
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We now choose cp e C^(-2,2), (p = 1 in (-1, 1), with < < 1, and set Oiy, s) = 
[1 - 4)(s/s)](p(s/(100R))(p(\x - y\IR), with s < t/8,R > 8f. With this choice of 6, the 
domains of integration in / and // are contained in a union Qi U Q2 U Q3, where 

(1) Qi c A2r(x) x{e<s< 2s}, with W6h^(n,) < CsK 

(2) Q2 c A2r(x) X {100/; < s < 200R}, with ||V6i||z,»(nj) < CR-\ 

(3) Q3 c (A2r(x) \ Ar(x)) x{0<s< 200R}. with ||V0||i~(n,) < CRK 
We treat term / first. We recall from IIHK2II that 

(4.34) ||V(.)G(X, ■)llL2(rr'\B(x,r)) < Cr^'-"'>'\ Vr > 0, X e Rf ' 
and that 

(4.35) \G{X,Y)\<C\X-Y\^-'\ 

whenever |X - y| < mm(6{X),6{Y)), where 6(X) denotes the distance to the boundary of 
the half-space (i.e., the f-coordinate). Thus, in particular we obtain that 

(4.36) R-'\\G(x, t, •)||L2(aun,) < CR^'-"^I\ 

where in proving the bound on ^3 we have used that G vanishes on the boundary, to reduce 
matters to (I4.34l i. We then have that 

(4.37) < rr \G\\Vu\ + R^'-"'>'^ I ff \VuA ' =h+ h. 
L JJn, \JJn2un3 / 

Since u vanishes on [t - 0), we may apply Caccioppoli's inequality in Q2 U ^3 to obtain 
that h < CR-"'^ supj^o ||m(-, s)||2 ^ as ^ 00. 
To treat /i, we first note that for (y, s) e Q.i, 

(4.38) \G(x,t,y,s)\ < Cs{(\x-y\ + f)"" + A^.(Vw,,,)(y)) , 
by Lemma IZ21 Lemma l43] and construction of G. Consequently, 



(4.39) (e"' rr \Gix,t,y,s)\^dyds] <Csr"'^, 

Thus, using Caccioppoli to estimate the norm of Vm in we obtain that 

h < Cr"'^ sup ||m(-, s)\\2 

s<3b 

as e ^ 0, since u(-, s) — » in L?. 

We now consider term //. By Cauchy-Schwarz and then Caccioppoli's inequality. 



|//| < 



rr \vG\\u\+R-' rr ivgiimi=//i+//2 

JJn, JJninnB 
(4.40) < Ce-^/2||^(_^^^^.^.)||^^^^^^^^p||„(.^^)||^ 

s<2b 

+R-''^\\Gix, t, ; ■)llL2(n,un,) sup ||m(-, i)||2. 

.5>0 

By ( |4.39t . the term IIi may be handled exactly like /i , and by (14.361 1. II2 yields the same 
bound as l2. The proof of uniqueness in (D2) is now complete. 

Uniqueness in (R2). Suppose now that A^»(Vm) e L^, and that u — » On.t.. Choosing 6 as 
above, we split u(x, f) — {uff)(x, t) into the same terms / + //, which we dominate again by 
I\ + h and II\ + II2 as in (|4.37t and ( |4.40t , respectively. We now claim that 

h + III < Cer"'^\\N,iVu)\\2 
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as e — > 0. For I\, this follows from Cauchy-Schwarz and ( 14.391 ). To handle IIi, we first 
note that, by Lemma l431' /). \u(y, s)\ < CeNt(Vu)(y) in Qi, since m(-,0) - Qa.e.. The claim 
then follows from Cauchy-Schwarz and Caccioppoli (applied to VG). 
Rewriting the last expression in ( 14.37b . we see that 

,1/2 _ 

IIl2(A2«w\a«w)> 



^ ^(2-„)/2 L-1 rr |y^|2\ < C/;(2-«)/2||^^(y^) 



by construction of Q2 U Q3. Moreover, Lemma 1431' implies that \u\IR < CNtCVu) in Q3 
and \u\/R < C infA,„(.v)\A«(.v) A^.(Vm) in Q2. Thus, by (14.341 1. 

II2 < CR"'-lff \Wy,,G(x,t,y,s)\'dyds] (/^'ff ^) 
\JJn2un3 / V JJnjun, " / 

< CR'-^-"^^ I|A^*(Vm)|L2(a,,(,)\a,(x))- 

Since « > 2, we obtain dominated convergence to 0. 

Uniqueness in (N2). Suppose that Nt{Vu) e L^, and that du/dy - 0, where the latter 
is interpreted in the sense of Lemma W3[ iii) and (iv). By Lemma I^Jl O. we have that 
u uq n.t., for some uq e Lj(R"). By uniqueness in (R2), 

u(-,t) - 5,(5o'mo), 

where So = 5',|,=o- Thus, by Lemma l4.18l 

But by hypothesis, jl + K : ^ and So : ^ are bijective, so that mq = in the 
sense of L^, i.e., uq = constant a.e.. By uniqueness in (R2), u = constant. 



As a corollary of uniqueness, we shall obtain the following "Fatou Theorem". 

Corollary 4.41. Let L,L* satisfy the standard assumptions, and have "Good Layer Poten- 
tials ". Suppose also that Lu — 0, and that 

(4.42) sup||M(-,f)ll2<<x). 
Then u(-,t) converges n.t. and in L^ as f — > 0. 

Proof. By Lemma 14.231 it is enough to show that «(■, f) - D,h for some /; e L^(R"). We 
follow the argument in IISt2l . pp. 199-200, substituting D, for the classical Poisson kernel. 
For each e > 0, set /g = u(-, s). Let u^ be the layer potential solution with data f^; i.e., 

-1 



Ue(x, t) = T)t 

We claim that M£(x, f) - u(x, t + s). 



+ fs 



(x). 



Proof of Claim. Set Ue = u(x, t + s) - u^ix, t). We observe that 

(1) LUs = in R"^' (by f-independence of coefficients). 

(2) ( 14.421 1 holds for Ue, uniformly in e > 

(3) Ue(-, 0) = and U^i; t) ^ n.t. and in L^. 

(Item (3) relies on interior continuity ( IL2b and smoothness in t, along with Lemma 14.231 ). 
The claim now follows by Lemma l4.31l □ 
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We return now to the proof of the Corollary. By ( 14.421 ). sup^ WfsWi < co. Hence, there 
exists a subsequence fs^ converging in the weak* topology to some f e L?. For arbitrary 

g € L?, set gi = adj (-5/ + adj(D,)g, and observe that 

' r r 

fejl 



D,\-U + K\ f\ 



a:— >oo 



D,^-^I + Kj Ug 
u(-,t + Sk)g= u(-,t)g. 



- lim 
= lim 



Since g was arbitrary, the desired conclusion follows. □ 
We conclude this section with a discussion of n.t. convergence of gradients. 

Lemma 4.43. Suppose that L, L* satisfy the standard assumptions, and have "Good Layer 
Potentials". Then for all f e L?, we have 



Ps(('^S,)\,=±s)f 



1 



2 A ,7 



Sn+i+T~\f n.t.andinL 



Proof. We treat only the case of the upper half space, as the proof in the other case is 
the same. Since the weak limit has already been established (Lemma l4.18l l for VS it 
is a routine matter to verify that the strong and n.t. limits for P,(V5,) will take the same 
value, once the existence of those limits has been established. It is to this last point that we 
therefore turn our attention. By Lemma |4~8] and the dominated convergence theorem, it is 
enough to establish n.t. convergence. 

The non-tangential convergence of drS , follows immediately from the "Fatou Theorem" 
just proved; a simple real variable argument yields the same conclusion for Ptd,S We may 
therefore replace V by Vy. On the other hand, we shall still need to consider the boundary 
trace of d,S tf, which for the duration of this proof we denote by Vf. Fix now xq e R" . For 
\x - xo\ < t, we write 



|(^) + P,(V||5o/)(x) 



^,(V||5,/)(x) = W_,P,(^j^d,,SJds^{ 

= ^' (7 ^fds) W + P' (V||5o/) (x) = I + II, 

where ^,1 = 0. By standard facts for approximate identities, // — > V^^Sof n.t.. Also, 



(d^SJ - Vf) ds\(x) + Q, (Vf - Vf(xo)) (x) = h+ h. 



It is straightforward to verify that /2 ^ as f — » 0, if xo is a Lebesgue point for the l} 
function Vf. The term I\ is more problematic. We first observe that by Lemma |431 



(4.44) 



{SJ-S(,f)ds\{x) 



CtM{N,iVS,f))(xo)^0 



for a.e. xq. Thus also for / e CJ^(R"), we have 



(4.45) 



n.t.. 
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By Lemma l4~8l v'). the density of Cq in L^, and the fact that Qt is dominated by the Hardy- 
Littlewood maximal operator which is bounded from L^ °° to itself, the latter convergence 
continues to hold for / e L^. Moreover, if mq belongs to the dense class {5o divy g : g e 
C^}, by Corollary HIS] and ( |444] |. we have that 



(4.46) 




tr(D,uo)) ds ix) 



n.t.. 



and again this fact remains true for mq in L^, by Lemma |4~8l v/) and our previous observation 
concerning the action of the maximal operator on weak . Combining ( 14.451 ) and ( |4.46t 
with the adjoint version of the identity ( I4.20l i. we obtain convergence to for the term Ii 
since every f & can be written in the form / = A*^j h e L^. □ 



5. Proof of Theorem 1 1 .111 preliminary arguments 

As noted above, the De Giorgi-Nash estimate ( 11.21 ) is stable under L°° perturbation of 
the coefficients. Thus, for eo sufficiently small, solutions of Liu = Q, L*w = satisfy ( ll.2l i 
and ( ll.3l l. In particular, the results of Section |2] apply to the fundamental solutions and 
layer potentials Fq, and Fi, Sj corresponding to Lq and Li, respectively. 

We claim that the conclusion of Theorem ll.lll will follow, once we have proved 

(5.1) IWmtSXp + sup ||V5,' 112^2 < c 

(recall that V = V^ ,). Indeed, by the symmetry of our hypotheses, similar bounds will then 
hold in the lower half space, and for 5f' . Now, by f-independence, -(5 'D„+i) = D„+iSf. 
Moreover, if J'tix,y) denotes the kernel of (5/V||), and F* is the fundamental solution for 
the adjoint operator L*, then the kernel of at//(5,' Vy) is 



J,(y, x) = V Ji(3;, t, x, 0) = V,r\(x, 0,y, t) = V,n(x, -t,y, 0). 

Consequently, flc//(5/V||) - Vy^^}, so that boundedness of {S}V) (and hence of D]) 
follows from thatofV5_;. Thus, by Lemma EJll we also obtain bounds for /T', /T' 
and 7"'. Appropriate non-tangential control follows from Lemma |4~8] Moreover, since we 
have allowed complex coefficients, analytic perturbation theory implies that 



11^:° - 112^2 + 11^" - ^'112^2 + II - r' 112^2 < ciia" - a 



The method of continuity then yields the invertibihty of +jl + : -> L}, +\I + : 
— > and = Sl\i=o ■ L- — » Lj. It therefore suffices to prove (15. 11 1. 

Lemma 5.2. Suppose that L, L* satisfy the standard assumptions. For f € C^, 77 > 0, and 

to > 0, we have 

(5.3) l|Vy5,„/||2 < C(||A^,(PA5,+,„/)||2 + |||fV5,5,/||| + ||/||2) 

(5.4) l|Vy5,''/||2 < C {\\N. {P,d,Sl,j) II2 + \\\tVd,S'}f\\\ + Wfh) 

(5.5) ll|fV5,5,/||| < C\\\td^S,f\\\ + C\\f\\2 

(5.6) ll|fV5,5,''/||| < Clllf^^^J/lll + CII/lb. 



The analogous bounds hold also in the lower half-space. 
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Before proving the lemma, let us use it to reduce the proof of Theorem ll.lll to two main 
estimates, whose proofs we shall give in the next two sections. We claim that it suffices to 
prove that for all feC^, and t] e (0, 10"'°), we have 
(5.7) 

\\\td^sl'"f\\U < Ceo[\\\msl''f\\\a„ + \\Nf{p,d,sl'\f)\\2 + sup||V5;-''/||2j + C||/||2 
(5.8) 

sup\\d,Sl'\f\\2 < Ceol\\\tWdrSl'"f\\\,n + \\Nf {P,d,Sl-'f)\\2 + sup HV^^Vlb) + CH/lb, 



f#0 \ ti=0 

jdb 



where denotes the non-tangential maximal operator with respect to the double cone 
Y"'(x) = y+(x) U y'(x) = {(y,t) € R"+' : \x - y\ < \t\}. Indeed, for eo sufficiently small, 
Lemma |2.18l (///) and i5.6i allow us to hide the small triple bar norm in ( 15. 7t . so that 

(5.9) |||fV5,5;'''/|||„„ < Ceo (llA^f {Prd,sl''f) h + sup HV^^Vlbj + CH/lb. 
Using ( 15.41 ), i5.9i and hiding the small gradient term via Lemma |2.18l (/. //), we obtain 

(5.10) supllV^^Vlb < clsup\\Nf(p,d,Stlf)\\2+sup\\d,sl-'f\\2 + Wfh], 
m \(o>o '^0 / 

where the notation Nf' [PtdtS]'^,^/^ is interpreted to mean t + to in the upper cone y^, and 
f - fo in the lower cone y . Feeding the latter estimate back into ( 15. 9t , we obtain 

(5.11) \\\tVdrSl-''f\\\„„ < Ceo UpWNf (PASl^lf) lb + sup||5,5;-Ylb) + C||/|b. 

\'o>0 f#0 / 

Combining ( 15.8b . ( 15.101 ) and ( 15.111 ). we have 

sup \\d,Sl-\f\\2 < Cll/lb + Ceo (sup IIA^f (PrdrSl^lf) lb + sup 118,8]'" fh] . 

Since / e C^, there is a large cube Q centered at containing the support of /. By Lemma 
(iV), taking a supremum over all / e C^(0, with ||/||l2(0 - 1, we have 

_ ^ 1 1 j_ ^_ o,,,, ii;^ c 1''' 



sup||5,5,''||i2(g)^i2(R„) < C 1 +eosup||5,5,'^||L2(Q)^i2(R„, 

Using Lemma l2.18l (v/). we may hide the small term to obtain 

(5.12) sup 115,5 ;'''|L2(e)^i2(j,„, < C 

uniformly in Q. Thus, letting i{Q) — > oo, and then // — > 0, we obtain by Lemma [2.1 81 (/v) 
that 

(5.13) sup||5,5,'|b^2<C. 

In addition, (15.121) . Lemma l4!8] (/v) and a limiting argument as i{Q) — > oo imply that 
sup \\Nf (PAS]f,j) lb < C||/|b, / e L^m. 

to>0 

The latter estimate, ( 15.11b . ( 15.121 ) and Lemma l2.18l (y) yield the bound for the first term in 
( 15.1b . The bound for the second term in ( 15.11 ) follows from ( 15.31 ). the bound just established 
for \\\tVd,S llWop, the fact that A^, (P,d,S ,+,J) < CM (NMS ,f)\ Lemma|43](0 and dSTJl ). 

The estimates ( 15. 7b and ( 15. 8b are the heart of the matter, and will be proved in sections 
|6] and 121 respectively. 
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We return now to the proof of the lemma. 
Proof of Lemma^ We prove first. We have that \\\tVd,S ,f\\\^ 



Um|||fV5,5,/|||^(e) s Hm f f Vd,S ,f ■ Vd,S ,ftdt 



1 r ri/s 

-lim d,(VdrS,f ■Vd,S,f)p-dt+ "OK" 

2 Jr« Je 



where we may use Lemma |278l n) to dominate the "OK" boundary terms by CH/Hj. By 
Cauchy's inequality, we then obtain that 

\\\NdrS,f\f(e) <6\\\m,S,f\f(e) + ^\\\t^Vd^S ,f\f(s) + C\\f\\l, 



where 6 is at our disposal. For 6 small, we can hide the first term. The second term is 
bounded by lUfcJ^S'f/lll, as may be seen by splitting R"+' into Whitney boxes, and applying 
Caccioppoli's inequality. The bound (15.5b now follows. 
The proof of (15.61 1 is similar We write 

\\\tvd,sl''f\f ^ ff + f f =1 + 11. 

Ji) Jr" JItj Jr" 
Term // may be handled just like ( 15.5b . since by definition ( 12.171 ). 

ItWJfl < C * (l,>„|.9V5,5,/|)) (0, t > 2ri, 

and u(x,t) = djSlf(x) solves Lu = in the half space {t > rj]. We omit the details. 
To bound term /, we note that by definition ( 12.171 ). dtS''f(x) - L^^{D„+if,j)(x,t), where 
«) = f(y)^n{s), so that 

|/| ^ Ct,^ \VL-\D„^,f,)Uxdt < C7,|J \^,(tfd)j\\ft = CWfWl, 

where we have used that VL^' div : l2(R"+') ^ l2(R"+'). 

Next, we prove (15.3b . By the ellipticity of the sub-matrix Ay, we have that 

||V||5,„/||2<C||A||V||5,„/||2. 
Now let g e C^iWX"), with \\g\\2 = 1. By the Hodge decomposition P- 116], 
we have that g = V^F + h, where F € i^(R"), ||V.iF||2 < C|||'||2 (C depending only on 

ellipticity), h e L^(R") and diV||(A||)*/i = in the sense that / AyVnf ■ /; = for all ^ € L^. 
Lemma 2.9, with m - -1, ensures that e Lj, (albeit without quantitative bounds). 
Thus, for / e C^(R"), we have 

(A||V||5,„/,^ = <A||V||5,J,V||F>, 

and it suffices to bound the latter expression with F e C^. Now, 

r*oc 

<A||V||5,„/, V||F) = - 5,<A||V||e-''^ii5,+,„/, W^^e-'"^^''^' F)dt 
Jo 

{<A||V||fL||e-''^«5,+,J, V||e-''(^ii^>) + {A^^^^^e-'^^'S ,^,J, V||f(L||)V-''(^ii'>)} dt 
<A|| V||e-''^«5,5 V||e-''(^ii'>)«ff = I + 11 -III. 

Jo 
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Integrating by parts, we see that 

(5.14) + = 4 £ (L||e-''^ii5,+,„/(x)) ((Z^T^WTx^)) tdxdt 

< 4|||fe-''^«L||5,+,,/||| |||f(L||)*e-''(^ii'>||| < C\\\te-'''^'LnS ,^,J\\\ WVFh, 

since, by IIAHLMcTI , applied to (Ly)*, we have that |||f(L||)*e-''(^ii^*F||| < C||VF||2. We 
consider now the first factor on the right side of ( |5.14t . Since u{x,t) = S t+tofix) solves 
Lu - 0, we have 

n n+\ 
^\Sl-Hof - DjAjji-nDn+lS i+igf + "y^^An-^ijDjPn+iS ,+,„f = Ii +1.2, 
i=l j=l 

in the weak sense of Lemma |Z9l Since e ''^n : — > uniformly in /, we obtain 



Illfe-'-^iiSziii < cmd,s,^,j\\\ < cmd,s,f\\\ 

which is one of the allowable terms in the bound that we seek. Also, 



(5.15) fe-''^iili = R,d,S,^,J + ^(fe-''^«D,A,>+i)^,5,5 

!=1 

where, by the familiar "GafFney estimate"(e.g., QAHLMcTI , pp. 636-637), the operator 

n 

R, = Yj (fe-''^«Z),A,>,+i - (fe-''^«Z),A,,„+i)P,) 

/■=! 

satisfies the bound ( 13.1b for every m > I (indeed, it satisfies a stronger exponential decay 
estimate). Moreover, R,l - 0, and R, . ^ l? . Thus, by Lemma [331 we have 

\\\RtdtS,^,j\\\ < c\\\m,s,^,j\\\ < c\\\m,sj\\\ 

as desired. In addition, by lAHLMcTI . we have that \te^''^' divy b\^i^ is a Carleson mea- 
sure for all b e L°°(R",C"). Therefore, by Carleson's Lemma, the triple bar norm of the 
last term in (15.151 1 is dominated by \\Nt(PidtS t+taf)\\2- 

It remains to handle the term III. Integrating by parts in f, we obtain 

(5.16) -///= I <A|| V||e-''^"5^5 ,+,„/, V||e-''<^ii'>)ft/f + "easy", 

Jo 

where the two "easy terms" arise when d, hits either e"'^^" or e"'"*^ii^' . These two easy terms 
may be handled by an argument similar to, but simpler than the one used to treat (I5.14l i 
above. The main term in ( 15.16b is dominated by 

|||fe-''^«5?5,+,„/||| |||f(L||)*e-''<^ii)>||| < C\\\td'^SJ\\\ IIVFIb, 

where we have used the boundedness of e ' to estimate the first factor, and IIAHLMcTI 
to handle the second. 

Finally, (15.4b may be proved in the same way as ( 15.3b with one minor modification. 
Since LS^fix) - f,jix, t) = f(x)ip,j{t), the application of Lemma f23\ produce s . in addition 
to the analogues of Zi and Z2, an error term /,,(■, f + to). But 

\\\te-''^''f,i; t + fo)||| ^C^rjJ |^„(f + to)\^d!^ ||/||i2(R„) = CII/II2, 



and ( 15.41) follows. 

We finish this section with a variant of the square function estimates. 
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Lemma 5.17. Suppose that L, L* satisfy the standard assumptions, and have "Good Layer 
Potentials" . Then for m > 0, we have the square function bound 

iir+i5ri(5,v)-fiii<cjifii2, 

where f eL^(R",C"^^)- 

Proof. By f-independence and Caccioppoli's inequality in Whitney boxes, we may reduce 
to the case m = 0. By f-independence and ( ll.lOl i. we may replace V by Vy. By ellipticity 
of the n X n sub-matrix Ay, and the Hodge decomposition of MATI p. 1 16], as in the proof 
of Lemma 15. 21 it suffices to show that 

(5.18) llk5,(5,V||)-A||V||F|||<C||V||F||2, 

with F e {Sotfr : tfr e C^} (which is dense in Lj, by the bijectivity of the mapping So '■ 
— > Lj). In the weak sense of Lemma 12. 91 we have 

(7^r(x,f,y,.) = ;^ — (A^5,r(x,f,y,.)) + Y,K:jy^g-d.nx,t,y,s). 

By f-independence, we therefore have that 

n 

5,(5,V||) ■ A||V||F = 2 d^S,A„+ijDiF + df(Srd^)F, 

i=l 

where ^ - Z"!} 'K^Pj- We set u(-, t)^StI^,t < 0, so that u(-, 0) = F. Using "Good 
Layer Potentials", we obtain in particular that 

(5.19) l|V«(-,0)||2<C||V||F||2. 
Since (S ,dy.) = D„ Corollarv W28\ implies that 

d^iS,d^)F ^djSi(dyu(;0)). 
Consequently, the left hand side of ( 15.181 ) is dominated by 

n 

J] IWtd^S ,A„^uDiF\\\ + \\\td^S,(dyu{;Q))\\\ < C||V||F||2, 

(=1 

where in the last step we have used (ll.lOl l and ( |5.19t . n 

6. Proof of Theorem 1 1.111 the square function estimate i5.H 

In this section we prove estimate iS.lj . To be precise, suppose that tps = 6^^(p(-/6) is the 
kernel of a nice approximate identity in 1 dimension, as in the definition of ^J* (12.17b . We 
shall prove that, for all / € C^(R"), for all T € C^(Rf' ), with < 1, and for all (J > 
sufficiently small, if ^g(x, t) = ips * ^{x, ■){t), then 

(6.1) td^sY'f(x)^s{x, — < Ceo (M+ + M") + C||/||2, 
where 

(6.2) = {\\\tVd,S]-''f\\U + \\N. {P,d,Sl'"f) ||2 + sup ||V5;-"/||2 + H/lbj , 

and is the corresponding quantity for the lower half-space. The proof of the analogous 
estimate in R"^' is identical, and we omit it. By Lemma |2. 181 (///), we may take first the 
limit as (5 — » 0, and then the supremum over all such 'I' to obtain ( 15.71 ). 
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The proof is by perturbation. Setting e(z) = A ' (z) - A"(z), we have 

Since \\\td^S'^f\\\ < CII/II2, we have also that sup„,o Hlf^^^"-"/!!! < CWfh, as may be 
seen by arguing as in the proof of ( 15.6b . Thus, it is enough to consider the difference 
(5 - 5"-''). By definition dTTTl l. 

(6.3) d,S';''f{x) = ((D„+i^,) * 5|./(x))(f) = L7i(D„+i/,)(x,f), / = 1,2, 
where frjiy, s) = f{y)(p,j{s), and = ri^^(p{-/ri) is as above. We then have 

d^S]-"f{x)-d^S';'''f(x) = 5,(Lo'div6VL7'(A,+i/,))(x,f) 
= 5,(Lo'diveVD„^i5|'''/)(x,f), 

so that 

[tdy,''^f(x) - tdX''f{x))WM'^-^ = 

(6.4) _ e(3')V5,5 ]''f{y) ■ V(Ll)-HD„^i^s)(y, s) dyds. 
Essentially following OFJKI . and using ( I6.3l l. we decompose 

V(L*)-'(D„+i»Pa)(y,s) = J V„,A5^°f(T(-,f))(3')«ff 

" X 21 I {^-^'■■'^■'^^-'' " (^.v.''5.v5^°f ) |,=o dt 

+ r (v,,,5.5^°f)|^_„ (»!'(■, f))(3')«'f 



Jt<2\s\ \ Vf 



+ ^ — ^ V,,,5,5 (»P(- , 0) (y) dt 



r /M 

J/>2|j| 



1/2 

v,,,,d,s':^'m;t))(y)dt 

1/2 

yl Vv,.A5^!f (*!'(■, f))(3') -if = i + ii + iii + iv- V. 



In turn, this induces a corresponding decomposition in i6.4h 



I + II + III + IV-V= I I €iy)Wd,S l'''f(y) ■ (i + ii + iii + iv - v) dyds. 

All but term // will be easy to handle, and we shall deal with these easy terms as in IFJKII . 
The main term here (and in |FJK1) is //, but in our situation, matters are much more 
delicate, since for us A" is not constant. The approach of |FJK| depends critically on the 
fact that solutions of constant coefficient equations are, in particular, twice differentiable, a 
fact which fails utterly in the present setting (unless at least one of the derivatives falls on 
the f-variable). We shall require new methods, which exploit the technology of the solution 
of the Kato problem, to deal with term //. 

We dispose of the easy terms in short order. To begin, 

IV = \s\'^^e(yWdsSl'"f(y) ■ V(LS)-' ^A,+i [ifs * ^ j) (y, *) dyds. 
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Since VLg' div : l2(R«+1) ^ L^(R"+^), we have that \IV\ < C6o|||fV5,5 ''VlIU"- Given 
the following lemma, I, III and V may be handled by Hardy's inequality, yielding also the 
bound |/| + \III\ + \V\ < Ceoll|fV<9,5 We omit the details. 

Lemma 6.5. We have 

(6.6) ||VD„+i5t°f - VD„+i5^°''||2^2 < C^, \s\ < t/2, 6 < lOOQ-'f 

(6.7) ||V5,5f°i2^2 < H' 

\t\ 

Proof of the Lemma. If |t| > 1005, estimate (16.71 ) is essentially just the case m = of 
Lemma [278] Otherwise, we obtain the better bound C5 using definition ( |2.17t and the 
hypothesis that Lq, Lq have bounded layer potentials. Estimate (16. 6t is obtained from the 
case m - 1 of Lemma l2.8l and the identity 



VD„+i5t!f - VD„+i55'' = r V5?5f°f dr. 

Jo 



It remains to handle II, which equals 



(6.8) rr {d,Sy)-eW[sl;lf-S':y)(x)W^dxdt, 

where we have used that for rj > 0, VS] does not jump across the boundary. Since *!* is 
compactly supported in 7?"^', for S sufliciently small. 



^-1/2 



\'¥s(x,t)\<C J ips(t-s)\'i'(x,s)\s-^^^ds. 



Thus, it is enough to bound |||f (diS^^ ■ eV^^'^'j/HI, plus a similar term with -t/2 in place of 
t/2, which may be handled in the same way. The desired bound then follows immediately 
from the change of variable f — » 2f and (I6.IOI 1 below. 



Lemma 6.9. Suppose that a e R\{0), and define M"^ as in (I6.2l i. Then 

(6.10) |||f(5,5>)-eV5,''Vlll < C(fl)eoM+ 

(6.11) \\\t^{djslv)-6VSl-'f\\\ < C(a)eoM\ 
Moreover, the analogous bound holds in the lower half space. 



Proof of Lemma \6. 91 This lemma is the deep fact underlying estimate (15.71) . and the proof 
is rather delicate. For the sake of notational simplicity, we treat only the case a - 1, as the 
general case is handled by an almost identical argument. We begin by showing that ( 16.1 11 1 
imphes ( 16.101 ). Set 



J(cr)= \d,(sy)- e'^Sl'^f] dxtdt. 

Jo- JtL" ' ^ ■' I 

After integrating by parts in t, we obtain that 

J(o-) = -%e J ' J [{d,Sy) ■ eVSl-''f}{[drSy) ■ eVS]'^ f\dxt^dt + "OK". 
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where by Lemma l278l (/), the "OK" boundary terms are dominated by Ce^ sup,^o l|V5, ' /Hj. 
By Cauchy's inequality, modulo the "OK" terms, 

J(cr) < + \\\t{drSy) ■ efV5,5;'"/|||2 + \\\t^ [d'^Sy] ■ eVSl'^flf 

= 1 J((r) + / + //. 

The term jj(cr) may be hidden on the left hand side. By Lemma l238l (i") with m = 0, term 
/ is no larger than Ceg|||fV5r5,''''/||p. The square root of the main term, //, is estimated in 
(16. lib . Taking the latter for granted momentarily, we obtain (16.101 ) by letting cr — » 0. 
We now turn to the proof of ( 16.111 ). again with a - I. We make the splitting: 

n+\ n 



n+1 



n+1 



(=1 



We treat V, first. For f : 



and let e = (ei,n+i, ea.n+i, . ■ . , fn+i.n+i). Then, using a well known trick of IICML we write 

v,f ^{e,i-{e,e)P,]d,s]'''f + ie,?)P,d,sl-\f = R',d,s]'\f + {e,i)P,d,s]'''f, 

where as usual P, is a nice approximate identity. By Lemmas lS. 17112. 7113. 2l and Carleson's 
Lemma, the triple bar norm of the second summand is no larger than CeollA^. ''V) lb- 

In addition, by Lemma [331 we have that 

m'AsY'm < ceoiiifViis,^;'''/!!! < ce^wvd.s'/'^m. 

It remains to control ||| Vr/|||, which is the primary difficulty. By definition, 

V, = ereV^^S]'" = f252(5^'V)■6V||5;■^ 

where e is the (n + 1) x n matrix (e,7)i</<«+i,i<7<„. Recall that Ay is the n x « sub-matrix of 
A' with (A||),j - A]., 1 < < n, and that (Li)|| = - divy A|| Vy. Then 

y, = 0,eV||(/-(/ + f2(Li)|ir')5;-" + 0,eV||(/ + f2(Li)||r'5;''' = Y,+Z,. 
We first consider Y,. Note that {l -(l + ' j = fi(L\)\\ [l + f^(Li)||) so 



As above, set fj^{x, t) = f{x)(p}^(t). In the weak sense of Lemma |Z9l we then have 

n n+1 



'■=1 7=1 



and we denote by F*'' + vf'"' + Y^^ the corresponding splitting of Y,. Now, by Lemma |278 
e, : ^ L^, and it is well known that fV||(/ + f^(Li)||)"' : -> L^. Thus 

lll^f /III < Ceo\\\m,Sl'''f\\\, 
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and also, as in the proof of (I5.6l l. 

Illi-r'lll < Ceolllf/,,111 < Ceoll/llL2(R«). 
We make a further decomposition of F*'' as follows: 

= {U,d-(U,a)P,)d,S]-'^ + (U,d)P,d,sl''^ = RtdtS]-"^ + (U,a)P,d,s]''^ , 

where 

(6.12) U,§ = ftef^Vy (/ + f2(Li)||)"' divii/, 
andfl = (A! .,,Ai A' ,,). We now claim that 

(6.13) |||f/,|||„^ < Ceo 

Let us momentarily defer the proof of this claim. It is a standard fact that for two sets E 
and E' c R", with g supported in E' , we have 

(6.14) ||f2V|| (l + f2(Li)||)"' divii^l^^^^^ < Cexpj^^^^l^l Uy^^') 

(the corresponding fact for the operator fVy ^1 + r^(Li)||) is proved in OAHLMcTI for 
example, and ( I6.14l i may be readily deduced from this fact plus the same argument). Thus, 
by Lemma [331 the operator Ui satisfies (13. Il l, with a bound on the order of Ceo, whenever 
t < c((Q). Therefore, by Lemma [J!2l and Carleson's Lemma, we have that 

\\\(U,3)P,d,s]''f\\\ < Ce^imPAS]'"/)]]!- 

Moreover, by Lemmas l3.5l and l3. 1 II we have that 

|||W,''7lll < Ceo|||fV||5,5,''''/||| < Ceo|||fV5,5,''''/|||. 

To finish our treatment of Y,, it remains to prove (16.131 1. We continue to defer the proof 
of this estimate for the moment, and proceed to discuss the term Z,. We write 

Z, = 0,eV||(/ + f2(Li)||)"'(5,''"-5^''') 

+ 0,eV||((/ + f2(Li)|ir' + ere^nSl'" = Z*'>+Z® +zP. 

By Lemma lS. 171 with m = 1, we have that 

|||zfVlll<Ceosup||V5;'7l|2. 
r>0 

Also, 

ZP> = 0,eV||(/ + f2(Li)||f VdiviiAilVii^i'" = f/^ilVii^i'" 
(see (I6.I2I 1). so by the deferred estimate ( 16.131 1 we have that 

|||ZP'/III <Ceosup||V5^"/||2. 
00 

Integrating by parts, we obtain 

Z*'> =0,eV||(/ + f2(Li)|ir' j| d^sY'ds = -0,eV||(/ + f2(Li)|ir' j| sd^^S'/'ds 

+ 0,eV||(/ + f2(Li)||)"'f5,5;'" = Q^''+Qf\ 
By Lemma [331 and the fact that V||(/ + f^(Li)||)"' 1 = 0, we have that the operator 

R, = e,etV\\ (/ + f2(Li)||)"' 
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satisfies the hypothesis of Lemma [331 with a bound on the order of Ceo, so that 

mf^f\\\<Ceo\\\tVd,Sl-'f\\\. 

Furthermore, 

Jo t ^ ' s 

so by Lemma [3.12l we have 

\\\d^f\\\<Ceo\\\td]sYf\\\- 

Modulo (16.131 ). this concludes the proof of Lemma |d!9l and hence also that of ( 15. 7I) . 

We conclude the present section by proving (16.131) . The proof will depend on some 
technology from the proof of the Kato square root conjecture. By ellipticity, it is enough 
to show that 

|||f/,A||^||| < CeoU\^ 

for^eL2(R«,C"). But 

IJ,A\ = 0,ef2V|| (/ + f2(Li)||)"' div|| A||, 

so by the Hodge decomposition MAT! p. 116], we may replace ^by VyF, where ||V||F||2 < 
Cllglb- As usual, by density we may suppose that F e . Now 

f/,A|;V||F = -0,eV||(/ + f2(Li)|ir'(f'(ii)||)^' = 0,eV||((/ + f2(Li)||)"'-/)F. 

We recall that Q, = fd^iS^V) ■ , so by Lemma ISTTl with m = 1, 

|||0,eV||F||| < C6„||V||F||2. 

The main term is 

0,eV|| [l + t^{U)\)'' F =-R,F, 

where by Lemmas |2Jl IZH and [33] and the fact that V||(/ + f-L'^'^l - 0, we have that 
R, satisfies the hypotheses of Lemma [J!9l with a bound on the order of Ceo- Therefore, it 
suffices to prove the Carleson measure estimate 



Jo Jo 



t 



< Ceo\Ql 



>Q 

where (^(x) = x. To this end, we write 

(6.15) y/;,<l) = 0,eV||((/ + f2(Li)||)"' -/jo + fteViiO. 

But V||(D = I, the nxn identity matrix. Thus, Lemmas l5. 17112. 71 and l3.2l vield the bound 



JO JQ 

The remaining term in ( 16.151 ) equals 

-1 



IfteViiOl^— < C6„ie|. 
Jo Jo f 



e,~ef-^\\[l + f-{Li\)' div||A||V||(D = ftef2V||(/ + f2(Li)||)" div||A|| = r,A|| 
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We now invoke a key fact in the proof of the Kato conjecture. By lAHLMcTI . there exists, 
for each Q, a mapping Fq = R" — > C" such that 



(i) 



r |V||Fe|2<qei 

Jr" 



(6.16) M(Q) 



(iii) sup f \((x,tf — 

Q Jo Jo ' 



Q 

rt(Q) r ^ ijx^it 
<Csup I |f(x,f)£,V||Fe(x)|2— , 

Q Jo Jq t 

for every function ( : R"^' — > C", where £, denotes the dyadic averaging operator, i.e. if 
Q(x, t) is the minimal dyadic cube (with respect to the grid induced by Q) containing x, 
with side length at least f, then 

E,g(x) = j- g. 
Jqm 

Here V\\Fq is the Jacobian matrix (Di{FQ)j)i<ij<„, and the product 

n 

tE,V\^FQ^Yj^,E,DiFQ 

;=1 

is a vector Given the existence of a family of mappings Fq with these properties, as in 
OATI Chapter 3], we see by (iii), applied with ^{x, t) - T,A\\, that it is enough to show that 

|r,A||(x)£,V||Fe(x)|2 < Ceoiei- 

Jq t 

But as in HATl . we may exploit the idea of IICMI to write 

(r,A||)£,V||Fe = {(r,A||)£, - t,a^^}v^^Fq + t.a^^v^^Fq 

= (r,A||)(£, - E,P,W^^Fq + {{T,A\\)E,P, - r,A||} V||Fq + r,A||V||FQ 
^Rf\FQ+Rf\FQ + T,An^^^FQ, 
where P, is a nice approximate identify. The last term is easy to handle. We have that 

r,A||V||Fe = -0,efV|| (/ + f2(Li)||)"' t(Li\FQ. 
Therefore, since 6, and fV||(/ + f^(Li)||)"' are uniformly bounded on L^, we obtain that 

|r,A||V||Fe|2 < Ceo \{Li\Fq\^ tdtdx < Ceoiei, 

Jo Jq t Jr,i Jo 

where in the last step we have used (l6.16K ii). 

It is also easy to handle R, '^\\Fq. Indeed E, - Ef, so that 

= (r,A||)£,(£, - P,) 

By the definition of T,, Lemma [33] and Lemma D.llI we have that 

(6.17) ||(r,A||)£,ll2^2 < Ceo. 

Thus, 

r^*® Cm dt rr .dxdt 

\R^,'\FQ\^dx- < Ceo \(E, - P,W^^Fq\^ < Ceolgl, 

Jo Jo f J Jar' f 
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where in the last step we have used (I6.16l l(i). as well as the boundedness on of 

It remains to treat the contribution of the term R^^^V\\Fq. By (I6.16l) (i). it will be enough to 
establish the square function bound 

|||/;f'V||Fe||| < Ceo||V||Fe||2. 

To this end, we write 

(6.18) Rf\\FQ = Rf\l - PrWwFQ + Rf^P,V\fQ, 

(2) 

where / denotes the identity operator. The last term is easy to handle. We note that R) I - 
0, and therefore by Lemmas [2. 7112. 8ll373] and l3. Ill the operator satisfies the hypotheses 
of Lemma l33] with bound on the order of Ceo. Thus, 

\\\Rf^P,V\\FQ\\\ < Ceo ll|fV||P,V||Fe||| < Ceo \\^\\Fq\\2, 

where the last inequality is standard Littlewood-Paley theory. 

By the definition of Rf'\ we may further decompose the first summand on the right side 
of (EH as 

(r,A||)£,aV||F2 - r,A||V||(/ - p,)Fq = i - ii, 

where Q, = P,(I - P,) satisfies < C. Then by delTl i. we have 

IIIHII < Ceo||V||Fe||2. 
Next, by definition of T,, we see that 

11= 0,eV||((/ + f2(Li)|ir' -/)(/- ^/)^'e = -»reV||F2 

+ e,~eV\\P,FQ + 0,e V|| (/ + f'(Li)ii)"' (/ - P,)Fq = IIi + II2 + II3. 

By Lemma IS. 171 

IIIIIilll < Ceo||V||Fg||. 

Moreover, by Lemma |Z81 and the fact that ||fV||(l + f^(Li)||)"'||2^2 < C, we obtain that 
IIIII3III < Ceo|||r'/i(/-P,) V^Fglll < Ceo||V||Fe||2, 

where I\ - (-A) '''^ is the fractional integral operator of order one on R", and where we 
have used the Littlewood-Paley inequality 

\\\t-'h{I-P,)\\\op<C. 

The latter estimate holds by Plancherel's Theorem, since 



(6.19) 



< Cminlfl^l, -^1, 



if 4>t(.x) - r"4>t (x/t)), the convolution kernel of P,, is chosen so that J^^ x(j),{x)dx - 0. 
Finally, it remains only to consider the term II2. Now 

II2 = 0,ePt^\\FQ, 

so we need that |||0re-Pr|||op < Ceo. By Lemmas lS. 17113. 2l and l2. 71 \0i£\^r^dxdt is a Carleson 
measure with norm at most Ce^, so it is enough to bound |||0,eP, - (0,€)P,\\\op- We may 
choose Pt to be of the form P, - Pj, where P, is of the same type. Set 

R, = e,~eP, - m)P„ 
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which satisfies the hypothesis of Lemma l3.5l with bound Ceo- Thus, 

\\\9,eP, - m)P,\\\op = \\\RrP,\\\op < Ceo\\\t'^P,\\\op < Ceo- 
This concludes the proof of Lemma |6!9l and hence that of the square function bound ( 15.7b . 



7. Proof of Theorem II. Ill the singular integral estimate 

We shall consider separately the cases f > and f < 0, and since the proof is the same 
in each case we treat only the former. More precisely, we shall prove 



(7.1) 



sup sup 115,5 ;'"/||2 < Cll/lb + Ceo (M+ + M") 

0<);<I0-"' OO 



where M"^ are defined in (16.2b . We begin by reducing matters to the case t > At]. Suppose 
that < f < 477. We claim that 



\d,S]''f(x) - D„,iS'.'f(x)\ < CM fix) 



1.1. 



4n' 



Indeed, let K'/{x,y) denote the kernel of diS]''^ , i.e., 

K'^{x,y) = d,{ip,*T,{x,;y,0)){t). 
To prove the claim, it is enough to establish the following estimate: 



In turn, the case \x-y\ < IO77 of the latter bound follows directly from ( 14.101 ). On the other 
hand, if \x - y\ > IO77, we have by Lemma |Z2| that 



\K'^(x,y)-Kl(x,y)\ = 



j ^,j(s)iD„^ir(x,t - s,y,0) - D„^,r(xAri - s,y,0))ds 

\4tj - 1\ 



<C \ip,{s)\ 



x-y\ 



ds < C- 



\x-y\ 



n+l ' 



Having proved the claim, we fix fo > 4ri, and use ( 11.3b to obtain, for each y eW, 



\iD„^iSl-'')f(y)\ < C 



< C 



'f(x)\ dxdr 



jj \drS \'\f - drS yf\^dxdT 



+ "OK", 



where || "OK" Wi'^iw) ^ CII/II2 uniformly in fo, by our hypotheses regarding Lo, and where 
we have used that u,^{x, t) = S]'''f(x) solves Lim,, = in {? > 77). Consequently, 

1 /-3(o/2 /- 

||(A,+ l5,';'')/li ^ CII/II2 + C- IdrSl-'f-drS^r'fl^dxdT. 

to J/0/2 Jr" 

As in the section |6] 

drSl'''f(x) - drSr-"f(x) = 5, (Lq' div eV5 J.'7) {X, T). 
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Thus, it is enough to prove that for every e [w x (|, ^)) , with fo'^^||*P||2 = 1, and 
for each 77 > and S > sufficiently small, we have 
1 



(7.2) 



< Ceo(M+ + M"), 



, , e(3')V5 1'^fiy) ■ V(L*,)-i (D„^i^s) (y, s)dyds 
'0 JJr"+i 

where again '^s = if6 * We may then obtain ( 17.11 ) by taking first a limit as (5 — > 0, and 
then a supremum over all such *P. 

To prove ( 17.21 ). we begin by splitting the integral on the left hand side into 

(7.3) i| r r . pT . r r . r"{\.i.u.m.iv. 

to yJ-tal^Jw JtalAJW JAto JR" J-oa Jr"J 

Since V(L*)) ' div is bounded on L^(R"^'), by Cauchy-Schwarz and our assumptions on ^, 
we have that 

|//|<Ceo(fo' TT \^Sl-'[f(y)fdyds] < Ce,, sup HV^^^'Vlb. 

\ J(o/4Jr" / />0 

Next we consider terms /// and IV. These may be handled in the same way, so we treat 
only /// explicitly. We use ( 16.31) to write 

(7.4) V(Llr'(D„^i'i'6)(y,s)^ j'v,,,d,s':^'m;r))(y)dT, 
so that 

/// = f(-i rr r (drS^^_,v)-eVSl''^f(x)^s(x,T)dxdsdT 

.1 err . 1. rfT ./T/- error. 

to J JIt Jr" to J JIt Jr" 

In the error term, s - t ^ 5 « t » fo, if 5 is sufficiently small, given the support constraints 
on 'P. Thus by Cauchy-Schwarz and Lemma l278] (0, the absolute value of the error term is 
bounded by Ceo sup,^Q '"''/lb- The remaining term is 

HI ^ta^ J J [drS °_,V) ■ eV5 l''^f(x)'Vs(x, T)dxdsdT 

= fo' Jjim J 1^ (5t5?_,V) ■ eV5''''/(x)c/i| ^'s(x,T)dxdT 

= fy' J Jim J" Hr{x,t)^ s(x,T)dxdT, 

where the expression in curly brackets equals 

i/«(x,T) = -J 5, (J {d,Sl,v)-eVS\'''f{x)d^dt 

= 5, J J (A,+i5",v)-eV5;;'.^/(x)d.9j£!'f 

{D„^iS",v)-eVSlff{x)dt- J (D„+i5;L2«v)-eV5^^'/(x)aff 

J (a,+ i5'',v) ■ £Wd,SlZf(x)ds\dt 

= H'^(x,t)-H'^(x,t)-H'^'(x,t). 
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Since \t - 2R\ ^ R, we have that by Lemma l2T8l (/) 



sup ||//;;'(-,T)||2<Ceosup||V5;'"/ll2, 

T,R:Q<T<R f>0 

from which the desired bound for the corresponding part of /// follows readily. Similarly, 
we may treat the contribution of H'^^ix, t) by a direct application of the following Lemma, 
which is really the deep result in this section. 

Lemma 7.5. Let a, b denote non-zero real constants. We then have that 



sup 

0<T|<r-)<o< 



eVS];^fdt 



< C(a,b)eo{M^ +M-). 



We defer for the moment the proof of this Lemma, and consider now 

XR i^2R 
j [d,S V) ■ edsVS l'''f(x) dsdt. 

Then for h e L^{W), with Whh = 1, we have 

XR r'lR 
{VD„^iS':,l,h,edsVSl'''f)dsdt 



where we have used that adj(S'}_g) - 5 ,°, (recall that adj indicates that we have taken 
the adjoint in the x,y variables only, whereas sf° is the single layer potential operator 
associated to Lq). Thus, (17.6b is dominated by 



Ceo 



j j \\Vd,s';i,h\\ldsdt 



\\ds'^S]-'^f\\l j dtds\ sCe()Bi-B2- 



Note that B2 - C\\\s'VdsSl'''f\\\. Similarly, the change of variable i — > s + t yields that 
Bi = \\\sdsVS /hlW < C\\h\\2 - C. A suitable bound follows for the conti'ibution of //^". 

It remains to consider the term / in (17.3b . which we shall also treat via Lemma 17.51 
Again using (17.4b . and that for small 6, is supported in {to/2 < t < 3fo/2), we write 



/ = f,-i JJ" J [drS'^^_,v)- eVSl''^f(x)^'s(x,T)dxdsdT 



error. 



By Cauchy-Schwarz and Lemma l278] (/). the absolute value of the error term is bounded by 
Ceo sup,>o ||V5,''''/||2, since t - s ^ t ^ to. The remaining term splits into 

7+ = ^0' /X {X ^ (-5x5?-.^) ■ eVSl'''nx)ds^ ^'e(x,T)dxdT 



F(x, t) ^s(x, T)dxdT, 
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plus a similar term which may be treated by the same arguments, in which the expres- 
sion in curly brackets has domain of integration (-r/2, 0). Now, 

= J {drsy)-£vsl;\fdt- J {D„^iS'l/2^)-eVsl-;ifdt 

+ (diS^l,"^)- e'^dsSl^fdsdl = F'-F"+F"'. 

Jo Jo 

We may estimate the contribution of F" directly via Lemma lTS] Also, 

F'(;t) = [sy] ■ eVSl^f - {S%V) ■ eVS];'f, 
so by our hypotheses concerning Lq, 



SUp||r(-,T)|L2(R„) < C6„ sup ||V5,''V||2. 

We therefore obtain a permissible bound for the contribution of F' . We also have that 



(7.7) F"'(-,T) 



XT W// 
j dt - 5°) V) ■ eVd,sl''\fdsdt 

+ j| [d,Sy)-eVS]'llfdt- [d,Sy)-eVS];'fdt. 

In turn, the last term equals -F' , and the middle summand may be handled via Lemma|73] 
The first summand on the right hand side of equals 

Jr-T nl/2 r^s 
d^(Sl^V)- eVd,Sl'''f(x)do-dsdt. 
Jo Jo 

Dualizing against h e L^(R"), with \\h\\2 = 1, we see that it is enough to consider 



ha<.<r/2}{'^Dl^^S^_,h,€D„^i^Sl'"f)dcrdsdt 

Jo Jo 



-•OO /-•OO /-•OO 



y-»00 y-»00 /-•OO \ t 

Jo Jo Jo / 

/ y-»00 i^OO /-»00 \ \ 

X I ^^^,^,/2}sh---\\d,VSl-''f\\ld(rdsdt\ 
Jo Jo Jo I 



= CeoB^ ■ B4. 



Now, 
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Similarly, the change of variable t ^ t + cr yields the bound 

1 

Jo i Jo ^l-<''<('+-)/2>^"'^' + '^^'ll^^«+l^-'/j|l2«?'^«^^'^fl 

< cjjil r-W^d^S^^hlll s'^- ^ do-dsdt^' = QWf'^djS^yilW < C\\h\\2 = C, 

and the desired estimate for the contribution of F'" now follows. 

To complete the proof of estimate ( 15.81 ). it therefore remains to prove Lemma |73] 



Proof of Lemma [731 For the sake of simplicity of notation, we shall treat the case a = 2, 
b = 1, as the general case follows via the same argument. 

As above we dualize against h e L^(R"), so that it is enough to consider 

(7.8) r \vdiS%h, eVS]-'^f)dt = - f ' {Vd^S%h, eVSY^f)tdt 



{Vd,S _\,h,eVd,S]''^f)tdt + boundary. 



where we have integrated by parts in f, and where the boundary term is dominated by 

C6Am^\\TVdrS\h\\\LvinVS\-\f\\^ < Ceosup||V5!'"/||2, 

\t>0 /\t>0 / T>0 



as desired. Here, the last inequality follows from Lemma [278] (n). Moreover, by Cauchy- 
Schwarz, the middle term on the right hand side of (17.81 ) is no larger than 

CeQ\\\tVd,S%,h\\\-\\\tVd,S]'''f\\\ < Ceoll|fV5,5;'''/|||. 
In the first term on the right hand side of < I7.8I ), we integrate by parts again in r, to obtain 

1 * 

(7.9) -I {Vd]S%h,eVS]-''f)t^dt + Enoxs,, 

where the error terms correspond to the last two terms in ( I7.8l l and are handled in a similar 
fashion. Turning to the main term in ( 17. 9t , we note that 



2 



Now set g = djS^° h. Let u solve 



By invertibility of the layer potentials for LJ, and by uniqueness, we have that 



2 

On the other hand, we also have that «(■, -s) - d^St^^^ Consequently, 

. /I 



d,Vu(-, -s) = d.VDZ -/ + I g = 5,V5f5:°_, h. 
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Setting i = f, we have that 



1. 



But, 2)^5 = (5^°5v|j), where dy^ denotes conjugate exterior co-normal differentiation for 
Lq. Thus, 

Therefore, the main term in ( 17.91 1 equals in absolute value 

X/ ((^^ ^ ^^°) (^''»'^''+'^°'^) ■ ^'^^''''/) ^''^f 

< C\\\td^s'^},h\\\ ■ \\f{VD„^,Sy) ■ eV5;'"/lll < C|||f2 (V5,5?v) ■ eV^,''"/!!!. 
To conclude the proof of Lemma 1731 it then suffices to prove that 
(7.10) |||f2(V5,5?v)- eV^^'Vlll < CeoM+. 

To this end, we first prove a lemma that will allow us to reduce matters to (I6.IOI 1. 
Lemma 7.11. Forke Z, set = 2*"'. Then 

(7.12) y r r \VS]'''fix)-VS]':^f(xt'^-^<C\\\tVd,S]''f\h. 

Let us momentarily take the lemma for granted, and deduce (I7.10l i. Combining Lemma 
12.81 (0, Lemma l2.1 H and Lemma l7.1 II we may replace the square of the left hand side of 
dTTOl ibv 



00 „2''+' 



, dxdt 



Since Uk{-,t) = (cJfS'j'v) ■ eVS]'^f solves LQUk = in the upper half space, we may use 
Caccioppoli's inequality in Whitney boxes to reduce matters to considering 



dxdt 



k=-Qo 

Applying Lemma l278] (/) and Lemma l7. 1 ll again. along with ( 16.10b . we obtain (17.10b . 
Proof of Lemma [TT/TI The left hand side of ( 17.12b equals 

y \ ^ \ '^d,Sl-'f(x)ds 



k=-c 



dxdt 



< C J jj^ |£ l|2<-.<.<2'.2, ^fsV^,Sl'"f{x)ds 



dtdx. 



The desired bound now follows from the Hardy-Littlewood maximal theorem. 
This concludes the proof Lemma l7.5l and thus also that of Theorem ll.lll 



□ 

□ 
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8. Proof of Theorem II . 121 boundedness 

Let L = - div AV, where A is real, symmetric, L°°, f-independent and uniformly elliptic. 
In this section, we show that the layer potentials associated to L are bounded; we defer 
the proof of invertibility to the next section. By the classical de Giorgi-Nash Theorem, 
estimates ( 11.2b and ( 11.31 ) hold for solutions of Lu - 0. By Lemma l572l and Lemma l4~8l in 
order to establish boundedness of the layer potentials, it suffices to prove 

(8.1) sup 115,5, /lb <C||/||2 

and 

J^^ \tdjs,f\^dx- < CII/1I2. 

By Lemma |2!2l the kernel K,(x, y) = d,r(x, t, y, 0) satisfies the standard Calderon-Zygmund 
estimates 

(8.3a) \K,(x,y)\ < 



\x-y\" 

w 



(8.3b) \K,{x,y + h)-K,{x,y)\ + \K,{x + h,y)-KAx,y)\<C^ 

uniformly in t, where the later inequality holds for some a > whenever Ijc - yl > 2\h\. In 
addition, the kernel 

^,{x,y) = td^T{x, t,y,Q) 
satisfies the standard Littlewood-Paley kernel conditions 

^ ' C\t\ W C\W 

Wt(x, y + h)- il/Ax, y)| < ■. — < 

for some a > Q, whenever \h\ < i|x - y\ or \h\ < \t\/2. 

The bound ( I8.2l l will be deduced from the following "local" Tb Theorem for square 
functions 

Theorem 8.5. Let Otf(x) = J^^ t]/,{x,y)f{y)dy, where iff,(x,y) satisfies i8A\ . Suppose also 
that there exists a system {i>g) of functions indexed by cubes Q Q such that for each 
cube Q 

(i) S^AbQ\'<C\Q\ 



(iii) ^IGI<^e/gV 
Then we have the square function bound 



< CII/II2. 



We omit the proof here. A direct proof of the present formulation of Theorem [83] may 
be found in fASl or |H2|, although we note that the theorem and its proof were already 
implicit in the proof of the Kato square root conjecture |HMc|, [HLMcJ and liAHLMcTl : 
see also the works II Chi . {[S] and lATI for some important antecedents. 

We shall deduce estimate ( 18. Il l as a consequence of the following extension of a local 
Tb Theorem for singular integrals introduced by M. Christ |Ch| in connection with the 
theory of analytic capacity. A 1 -dimensional version of the present result, valid for "perfect 
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dyadic" Calderon-Zygmund kernels, appears in AHMTTI . A self-contained proof of the 
more general formulation below may be found in 0H3I . Alternatively, the result of OAYI 
may be combined with that of I AHMTTI to deduce the general case (in the slightly sharper 
form q - 2). In the sequel, we let T"' denote the transpose of the operator T. 

Theorem 8.6. Let T be a singular integral operator associated to a kernel K satisfying 
(I8.3l l, and suppose that K satisfies the generalized truncation condition K{x,y) e L°°(R" X 
R"). Suppose also that there exist pseudo-accretive systems {/jg), [b^g] such that bg and b^g 
are supported in Q, and 

(i) (|/7^|? + I?) < QQlfor some q>2 

(ii) /g(|rfeJ,P + |rV/)<ciei 

(iii) i.\Q\<mm{%eJ^b'g,%eJ^bl). 

Then T : L^(W) L^(R"), with bound independent of \\K\U. 

Let us first show that Theorem l8.5l implies ( 18.2b . As usual, we may restrict our attention 
to the case f > 0. As above let ^,{x,y) = tdjTix, t,y, 0), so that 

td^S,f(x) = 6,f(x)^ [ if,,(x,y)f{y)dy. 

By Theorem |8.5l it suffices to construct a system {bg} satisfying the hypotheses (i), (ii) and 
(iii) of the Theorem. 

Our functions bg will be normalized Poisson kernels. Given a cube Q c R", let xq 
denote its center, and let i{Q) denote its side length. We define 

= ixQj(Q)) e Rfi , Ag = (xq,-{(Q)) e R"^'. 

Given X'^ e R"+ e R"+ ' , let kf* (y), k^' iy) denote, respectively, the Poisson kernels for 
L in the upper and lower half spaces, and let G^iX, Y), G (X, Y) denote the corresponding 
Green functions, so that 

^>) = ^(X\y,0), k^S(y) = ^(X-,y,0), 

OVy OVy 

where ^ denote the co -normal derivatives at the pointy e c?R"^', 5R"^' respectively. 
We now set 

(8.7) bQ = \Q\k^^. 

We recall the following fundamental result of Jerison and Kenig BJKll (see also E pp 
63-64]), which amounts to the solvability of (D2) in the lower half-space: 

Theorem 8.8. OJKll Suppose thatL = - div AV, where A is real, symmetric, (n-i-l)x(n-i-l), 
t-independent, L°° and uniformly elliptic. Then there exists si = ei(n. A, A) such that for 
alio < £ < si and for every cube Q, 

(8.9) r (ki^(y)f^'dy<CAQr'''- 

We remark that (18.9b is usually stated in terms of an integral over Q, but in fact the 
global bound follows from the local one and duality, since by BJKIL IIkII the local version 
of ( 18. 9b and the L'' version of (11.3b yield the estimate 

|M(Ap)| < CsUp||M(-,f)llz;'(R") < CWgWirim, 
t<Q 

where u(x, t) - ^„ k^J(y)g(y)dy, and p is the dual exponent to 2 + e. 
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We now note that hypothesis (i) of Theorem 18.51 follows immediately from ( 18.7b and 
\. Moreover, (iii) follows immediately from (18.71) and the following well known esti- 
mate of Caffarelli, Fabes, Mortola and Salsa HCFMSI (also HH Lemma 1.3.2, p. 9]): 

(8.10) a;^e(0>l, 

where cj^ denotes harmonic measure for LatX^ e R"^' . 

It remains to verify that bg as defined in ( I8.7l i satisfies hypothesis (ii) of Theorem l8.5l 
To this end, let (x, t)eR^= Qx (0, {(Q)). Then, since for fixed (x, t) e \ we have that 
d^T{x, f, ■, ■) is a solution of Lm = in R"_+' , 



(8.11) G,bQ{x)^\Q\t J d^r(x,t,y,0)k'lHy)dy ^ \Q\td^r(x,t,A-^ 

by Theorem |8.8l (i.e.. BJKlll ) and uniqueness in (D2) (e.g.. Lemma [4.3 11 (0. although of 
course, uniqueness in the present setting of real symmetric coefficients appears akeady in 
IIJKll . IlKll ). Therefore, by (12.31) and translation invariance in t, we have that 

from which hypothesis (ii) follows readily. Thus, given Theorem l8.5l we conclude that 



n 

Jo Jr" 



\td^s,fix)\^^ < cwfwl 



The corresponding square function estimate in the lower half-space follows by the same 

argument, if we replace k_° by k_^_^ in the definition of bg. We then obtain (I8.2l i as desired. 

Next, we show that Theorem 18.61 implies ( 18. 11 1. We consider only the case f > 0, the 
other case being handled by a similar argument. Again, it suffices to construct systems 
{bg}, {b^}, now with b^ and bg supported in Q, satisfying hypotheses (i), (ii) and (iii) of 
Theorem l8.6l 

In fact, we shall use the same construction as before, except that we truncate the function 
outside of Q, i.e. we set 

(8.12) bl, = \Q\k'lHQ^bQ\Q, bl = \Q\kf\Q 

As before, (iii) and (i) follow immediately from BCFMSL and ( |8.9l l. respectively. 
It remains to establish (ii). We observe first that, as in ( 18.1 11 ). 



\d,S,bQ{x)\ = \Q\ 



r d,T{x, t,y, 0)k^^iy)dy = \Q\ IWx, f, Ag)| < C 



uniformly in (x, f) e R"^', where bg is defined as in ( 18.7b . and we have used ( 12.3b and the 
fact that f > 0. We now claim that, for x e Q and t > 0, the same L°° bound holds for 
d,S ,((fQbQ)ix), where (pQ e C^, ^jq = 1 on 5Q, supp^jg c 6Q, with ||V||9Jq|U < C/£iQ). 
Indeed, fixing (x, t) e Qx (0, oo), and setting u = 5,r(x, t, ■, ■), we have that 

d,S,(ipQbQ)(x) = \Q\ £^ u(y,0)<fiQ(y)^(AQ,y,0)dy. 

We now extend ipQ smoothly into the lower half-space so that tpgiy, s) = 1 on 5(2 x 
(0, -^(0/4), tpQ(y, s) vanishes in R«+i\[6e x (0, -{(Q)/!)], and 
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Since G {Aq, ■, ■) and u are both solutions of Lu = in supp^Q, we obtain from Green's 
formula (whose use may be justified in the sense of Lemma |4.3| (n/)) that 



d,S liifiQbgXx) = \Q\ JJ ^A,,jVG (AQ,y, s)'^ifiQ(y, s)u(y, s)dyds 

- 121 f I G'VifQ-AVudyds = I + 11. 

We first consider term II. Let Dq = supp Vipg. By the definition of (figiy, s), a standard 
estimate for G , and Cauchy-Schwarz, we have that 

\II\ < CeiQy"^^^'^ {^JJ |V5,r(x, t,y, s)\^dyds'^' 

< C{(Qf"-^^^^ \d,T{x, t,y, s)\^dyd)j , 

where the last inequality follows by Caccioppoli's inequality, and where Dg is a fattened 
version of Dg. But for x e Q, t > 0, and (y, s) € Dg, we have by (12.3b that 

\d,r(x,t,y,s)\<C\Q\-\ 

hence |//| < C. Similarly, 

\I\<C{iQy"-'>'"^{^j£ \^G-iAg,y,sf^' <C, 
again by Caccioppoli. Altogether then, sup,^g \\d,S ,{tpgbg)\\L<^^(g) < C, and therefore 

(8.13) sup r \d,S,(ipgbgf < C\Q\. 

/>() Jq 

To prove (ii), it will be enough to observe that, for any kernel K{x, y) satisfying (|8.3K a), 
we have 

(8.14) r r Kix,y)Ug\g{y)f{y)dy dx < C f \f\\ 
Jq J J6Q\Q 

Indeed, given ( |8.14t , we may replace (fig hy Ig in ( |8.13t (with controlled error), and (ii) 
follows. The proof of ( 18.141 ) is omitted. Since r(x, t,y, 0) - r(y, -f, x, 0), a similar argu- 
ment yields the corresponding bound for {d,S lyiblj), and (18. Il l now follows. 



9. Proof of Theorem 11.121 invertibility 

We now consider invertibility of the layer potentials in the case of real symmetric coef- 
ficients. The proof will follow the strategy of Verchota |V|, using the well known "Rellich 
identities" combined with the method of continuity. In our case, the continuity argument 
will exploit Theorem ll.lll 

Proof of Invertibility. From self-adjointness and integration by parts, we obtain the equiv- 
alence 



(9.1) 



ll^vMlbcR") ~ I|V^m||l2(r„), 
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for solutions of Lm = in R^^' for which A^,(Vm) e l}, where the impHcit constants depend 
only upon ellipticity (see, e.g., IH for details). In particular, ( 19.11 ) holds for m(-, t) = S tf, 
with f e L?. By the jump relation formulae Lemma l4.18l (19. It becomes 

(9.2) ll(±i/ + :^)/ll2^l|V,5„/||2. 



, "2 

Thus, by the triangle inequality and ( 19.21 ) we have 

(9.3) ll/ll2<C||Ji/ + ^j/||2 
and also 

(9.4) ll/lb < C||V,5o/||2, 

where the constants in ( 19.31 ) and ( 19.41 ) depend only on ellipticity. Moreover, if we set 

Lo- = -divAo-V, 0<cr<l, 

where 

Ao- = (1 -cr)I + crA, 

and I denotes the (n + 1) X (n + 1) identity matrix, then (19.3b and ( 19.4b hold, uniformly in cr, 
for the layer potentials associated to Ly, indeed, we have uniform control of the ellipticity 
constants for Ao-. By the result of Section [8] we of course have boundedness of the layer 
potentials associated to La-, again with uniform constants depending only upon ellipticity 
and dimension. Thus, once we have established invertibility of the layer potentials asso- 
ciated to La-, for a given cr, the corresponding Layer Potential Constants will depend only 
upon ellipticity and dimension, since, in particular, the quantitative bounds for the inverses 
are precisely the constants in ( 19.31 ) and ( |9.4b . We may therefore establish invertibility of 
U+K :L^^L^ and S : — > Lj as follows. Since Lq clearly has Good Layer Potentials, 
we may invoke Theorem I 1 . 11 I to deduce that L^ has Good Layer potentials, for < cr < eo, 
for some eo depending only upon ellipticity and dimension. By our previous observation 
concerning the uniform control of the layer potential constants, we may then iterate this 
procedure, advancing each time by the same distance eo, so that we reach A = A i in finitely 
many steps. □ 

10. Appendix: constant coefficients 

Suppose that L - - div aV, where a is a constant complex elliptic matrix. Following 
OFJKI . we observe that L has Fourier symbol 

«+i 

q(i^, h) = ^ aj^k^j^k = fln+i,«+i(T - T+(f))(T - t_(^)), 

i,k=i 

where = r, and t± : R" — > C are each homogeneous of degree 1, C°°(5'""'), with 

(10.1) 3mT+(^) > ju, 3mT_(^) < -n, 
for some /i > 0. In particular, 

(10.2) |r+(^)-T_(^)l^l^l, ^eR". 

The fundamental solution T{x,t) is a convolution kernel with Fourier symbol q{i^,iTy^. 
Inverting the Fourier symbol in t only, and then using the method of residues, we obtain 

r(sO(^) = 2;^J -TTT—.dT- ' ' ' ' 



q{i^, it) ian.n,„-n (t+(^) - t_(^)) ' 
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SO by (110.2b and the accretivity of a„+i_„+i, we have in particular that 

if(.,o)(^)i*i^r'. 

Consequently, So : ^ L^is bounded and invertible, by Plancherel's Theorem. One also 
readily verifies via Plancherel's Theorem that 

sup||V5,||„p <C, \\\td^S,\\\op<C. 

Finally, we note that / — > + K^f- dyS ,f\,=o+ is invertible on L^. Indeed, the coiTe- 
sponding Fourier symbol is 

- fln+l,«+lT+(^) + 2';=i 

- lim e„„ ■ flVr(-,f)(^) = , ,,,, , 

and by fAQ], Lemma 4, the modulus of the numerator » |^|. By the accretivity of fl„+i.„+i 
and ( 110.21 1. the same holds for the denominator, and the invertibility follows. Of course, a 
similar observation holds for -^I + K. 
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